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Part2:

11. (5 points) Given an array of n integers A = (a1,az,...,an) (n > 0), you are asked to find the maximum
and minimum elements with minimum comparisons. A simple solution is to iteratively compare each
element with current max and min. It takes 2n comparisons in total.

(a) (3 points) Devise an algorithm that requires less than 1.67n comparisons.
(b) (2 points) How many comparisons does your algorithm take? Show your derivation.

(a).

1. Create 2 sets max ={}, min={}

2. foreach a;q; in array A: [ REEEE A » 3
3. if a; > a;: append a; to maxand a; tomin [/max, min set
{ else: append a; tominand a; to max [E#TEIE(n/2)
4. Create a new set max,,.,,
5. foreach a;,a; in maxye,: [TECHI bt A
if a; > a;: append a; maxy, [/ H max int

{

6. repeat 4 to 5 until find max,,,, only has 1 element

. jaEyk !
else: append @; Mmax,e, INEEHEYL, 5

7. Create a new set MiN,ey,
8.  foreach a;a; in Mingey: JIELE » MrE+E minint
if a; > a;: append a; min,,,
{ else: append a; Minpey

b. repeat 7 to 8 until find max,,,,, only has 1 element

(b). huEEAEd: 1.5n AYEEEEZCEL



12. (15 points) There are n stations along a coastal railway (n > 0). You’re planning to select some of them
to open cafes. Three arrays S, L and R have been given, including
o S =(s1,82,...,8n): the list of the stations from s, (first) to s, (last).

o L= {(l},ls,..,1,): the locations of the stations, where [; is the distance of s; from the first station
s1. So l; =0 and [, is the length of the railway. §; < lp < ... < .

e R=(ry,79,...,7p): the revenues of the cafes, where r; (> 0) is the revenue for opening a cafe in ;.
The only one constraint in your plan is that the distance of any pair of your selected stations should be
longer than a given threshold T. If s; and s; (i # j) are selected, the total revenue would be ; + I;.
Different selection leads to different total revenue. Given S, L, R and T', your goal is to pick up a
subset of the stations to maximize the total revenue under the constraint. Suppose that f{n) returus

the maximum total revenue for the cafes you select from the first » stations. Please answer the following
questions. No code is required (code will not be graded).

(a) (9 points) Give an O(n?) solution by defining a recurrence formula for f(n). Clearly explain the
meaning of your formula and why it can be computed in O(n?) time.

(b) (6 points) Consider the special case that the distance difference between two consecutive stations
is 1, i.e, liy1 — ;=1 (1 £i < n-1). Give an O(n) solution by defining a recurrence formula for
f(n). Clearly explain the meaning of your formula and why it can be computed in O(n) time.

(a)
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® (RIELbETERY THI—ZRE ) (FEEEA T o FRAFIRk—(E EREER] () m RS

i -
® JER| =7 + max{ f() } A j M 2 FERE R
AREHE
f(1) = max(-R EERHEFI], BERTIERI)
On?):

o FRMIZEE n (EEIERY () > T —XAEE n K) -

o {ERE "EEES 1YI£J O iE3 e & i DAY IRk o TN B S N A e VG WAL IR 3
RiE - BXZE—IE l (&%Zi%) -

o EEJZIERE > $1+ 2+ +1n FTLUE O(m?) -

(b).
EEFEEEE T > NAEIEY TR (BEREEYE 1D
l1=0, lz—l, l3=2
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O(n):
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g SHIEIIE
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o  IMEEE n (HEENEH Q) > BT TEEE -
o TEMRENES - HEEEM—XMEHSFER > O(1) °
o HUHEEE -n*1=0(@n)-

13. (15 points) A disjoint-set data structure supports two operations. One is UNION(z,y), which merges
the two roots of the trees containing = and y. The other is FIND(z), which returns the root of the tree
containing z. Union-by-height is a union heuristic, which keeps track of the heights of the trees to attach
the shorter tree to the root of the taller tree.

(2) (9 points) Given an undirected graph G = (V, E), where V = {w,...,un} (m > 0) and E =
{e1,...,en} (n > 0), devise an algorithm to check if the graph G is a tree or not by using
UNION(v;,v;) with union-by-height and FIND(v;) with no path compression, where v;,v; and

v € V.

Clearly describe your solution and analyze the time complexity of your algorithm in the

worst case. No code is required (code will not be graded).

(b) (6 points) The union-by-height heuristic prevents the height of a tree from growing linearly. Consider
another heuristic, called union-by-descendant, which always attaches the tree with fewer descen-
dants to the root of the tree with more descendants. Suppose that path compression is not applied.
Which of the two heuristics is asymptotically better? Why?

(a)

G WHm e/ H cycle » H &2 ]

1. ¥4a1E (Initialization) :

FHESE T m (ETEE (vy 2] vy) > I m EEIZHVES - HEREERAEE CE R

root °

2. #@[FE Edges if@r Cycle :

BN E PRI RE e = (u, v)  BITEUTRE

o

o

Sl u KT v @S & AR EE ¢ root_u = FIND(u) > root_v = FIND(v) -

#115 root_u = root_v » 77 u Fl v DAHEE—(BEE & T+ EEEE GV Cydle -
- EPFEHIEG AZM -

Eht 215 root_u !=root_v > HIJEL{T UNION(root_u, root_v) B {EEESEHE



3. i@ M (Check Connectivity) -
BETHEN T TR HIARIRERRE - A AT T EETEE

o MREEMHFT 1EES - SHEGE > 1 AREEHE
- [ElE G AEM -

4. G
7 bl 8 - HIEE "G 24 (True)” -

(b)
Union by height & {i£5f5 5 logm > 41EEEZX union HYFEEE By logm -

A n &8 > HFNE time complexity £ nlogm -

Union by descendent & node ZDifat & HEE] node 2Bk 2 »
it =t By logm » W& asymptotic complexity FH[E] o

14. (20 points) A tree T is assumed to be simple, undirected, and with positive edge-weights. Let dp(u,v)
denote the distance between u and » on T. For a vertex v, the eccentricity of v is the maximum of the
distance to any vertex in the tree, i.e., max,ev{dr{v,u)}. The diameter of a tree is the maximum
of the eccentricity of any vertex in the tree. (The term “diameter” is overloaded. It is defined as the
maximum eccentricity and also as the path of length equal to the maximum eccentricity.) The radius of
a tree is the minimum eccentricity among all vertices in the tree, and a center of a tree is a vertex with
eccentricity equal to the radius.

(2) (5 points) Prove or disprove that there exists a tree with three different diameters and two centers.
(b) (5 points) Prove or disprove that there exists a tree with three centers.

(¢} (10 points) Prove or disprove that any center of a given tree T must lie in the diameter of T'.

(a)

prove > Y1 N[E[H =7& path IYREH) Fy diameter=21:
A-B—->C—-D

A->B->C—-E

A->B->C->F

75 W {[E2E(B, C)HY eccentricity E[5 & radius=11:

V
10 1




(b)
disprove > FEIAAR HTREA = (&
BUGR: tree T_EFTAHY leaf node (degree fy 1 HYES) [AIIRFIHER > 153 —HbFrief T -

MERFTA leaf 1% - tree -FIGRAEFEBLEHY eccentricity E ey 4T Dtk edge FYA/N » HAREK
INEMBRAEE o R - T Ay O BB T AEE] -

B8 AR IERTRAT D ER - IR AR - &L E S E Ll N E 2 —
LR —{EE% (R RtE—y L) -
2 NI EAHALHY TERE SRR RME A F) -

N Ry iR it A T RERR T = (BT AURE (PBEA i ) sU={EAHASR RS (IR K W U R & 4
Ry leaf M{EZ P ERMAETTHE ) -~ AR Al aER =@ 0 -

(C)
prove > 7 &t

1. P2 tree T _FAY—16 diameter » HiIFE A X,y ©
2. #FtreeTH—{f centerc > H ¢ F{Fiaf diameter |
RN Fs T 2 - BT AR AE— RS AR ¢ 51| diameter P
< v Fy P _EEEREE ¢ BATHUEL -
3. W cfE P 2S5 B ERRHVE—ImEE x, v 260 » 1€ ¢ F] x BRI AL v:
d(c, x) =d(c, v) + d(v, x)
d(c, y) = d(c, v) +d(v, y)
4. eccentricity ELH#LY ©

o v eccentricity /g d(v, x) B¢ d(v, y) Hp 22— (FF x, y 2 BEEREn 20 —%
BE) o

e ¢ Y eccentricity f& ¢ Flfef FHEisBEAVEERE - AT LA ¢ BY eccentricity = max(d(c, x), d(c, y))
5. % 3. KA 4 BEETE:
¢ HY eccentricity = d(c, v) + max(d(v, x), d(v,y)) — ¢ HY eccentricity = d(c, v) + v HY eccentricity

— ¢ HY eccentricity > v [y eccentricity » #1JL15H, ¢ HY eccentricity ‘R &/ » ¢ A& center »

EAXE  HIHE— center ¢ PAELE diameter [ o



15. (15 points) A Single Nucleotide Polymorphism (SNP, pronounced snip) is a single nucleotide variation
in the genome that recurs in a significant proportion of the population of a species. The patterns of
Linkage Disequilibrium (LD) observed in the humean population reveal a block-like structure. LD refers
to the association that particular alleles at nearby sites are more likely to occur together than would be
predicted by chance. The entire chromosome can be partitioned into high LD regions interspersed by
low LD regions. The high LD regions are usually called “haplotype blocks,” and the low LD ones are
referred to as “recombination hotspots.” Since there is little or no recombination within a haplotype
block, these SNPs are highly correlated. Consequently, a small subset of SNPs, called tag SNPs or
haplotype tagging SNPs, is sufficient to categorize the haplotype patterns of the block. It has been
shown that we can recast the tag SNP selection problem as Problem W, which is,“Given a universal
set U = {u;,us,...,un} and & family F = {F, Fy, ..., F;, } of subsets of I/, find a minimum-size subset ¢
of F, such that every element of I belongs to at least one subset in C.?

(2) (5 points) Prove or disprove that a greedy approach always delivers an optimal solution for Problem
(b) (10 points) Prove or disprove that Problem W is NP-complete.
(a)
i5 =l set covering problem » B F] S Y —{E &G/ N5 - (HEEMIRYFES N 25 -
i u={1,2,3,4,5} > S={{1,2,3}, {2,4}, {3,4}, {4,5}} -
P AT DAFET—(E S BYF5{1,2,3), (4 SHHHFEZ v B —HEEES -

disprove - ALV S (IIEETH greedy approach AR5 74A:

u={1,2,3,4,5,6} > S={{1,2,3}, {4,5,6}, {2,3,4,5}} » {HF greedy F7% -

GBS IR BT R A{2,3,4,5) 0 REETHEE(1,2,3)1{4,5,6} - HEILE T 3 (HES -
{HE optimal solution f&#{1,2,3}f1{4,5,6} » H 3575k 2 {EEE

(b)

prove: E5HH W is NP-complete

W € NP:

AEZIHARF RN R E W BEEEETATE -

W € NP hard:
18 vertex cover [RE/LFEE| W » & —{[E vertex cover 5y G=(V, E), k » JBFHEHEA L u, S, K

o IMEE(F ufHITE ¢
RECHH IS EEEATARE > BiG Problem W th A ZFTAHITE °
o« EVEFEES

F(ETERE R 24008 > EGE —HEGHEmE S TR EDTR - BT —(EEE: > &
NEETEHELENAEE -



o HREFE (K=K :
H15LE Vertex Cover PIRET » FRIERT T8 R AEFH K (BIERE LA 2 |
k52 2 SEEHE Problem W e TEEFAER k (A BEEFTATLE ? |

WEEEEHA — (& NP-Complete [ nl £ ZHANFE PME R W > W By NP-hard



