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1 Introduction

1.1 Background

This manual contains solutions to the problems marked with an asterisk (*) in Digital Image Processing,

(Global Edition, 4th Edition.

1.2 The Book Website

Digital Image Processing 1s a completely self-contained book. However, the companion website offers
additional support in a number of important areas. The URL of the site 1s

www.dmageProcessingPlace.com

tor Students or Independent Reader the site contains

= Reviews in areas such as probability, statistics, vectors, and matrices.
= A Tutorials section containing dozens of tutorials on topics relevant to the material in the book.

= An image database containing all the images in the book, as well as many other image databases.

For Instructors the site contains

= An Instructor’s Manual with complete solutions to all the problems in the book.

= 'The manual 1s available free of charge to instructors who have adopted the book for classroom use.

= (lassroom presentation materials in PowerPoint format.
= Material removed from previous editions, downloadable in convenient PDI format.

=  Numerous inks to other educational resources.

or the Practitioner the site contains additional specialized topics such as
= Links to commercial sites.
=  Selected new references.

=  Links to commercial image databases.

The website 1s an 1deal tool for keeping the book current between editions by including new topics, digital
images, and other relevant material that has appeared after the book was published. Although considerable
care was taken in the production of the book, the website 1s also a convenient repository for any errors

discovered between printings.

1.3 The DIP4E Support Packages

In this edition, we created support packages tor students and faculty to organize all the classroom support

materials available for the new edition of the book into one easy download. The Student Support Package

contains most of the original 1images in the book and answers to homework problems marked with as

asterisk (*) in the book. The Faculty Support Package contains solutions to all exercises, teaching

suggestions, and all the art in the book 1n modifiable PowerPoint slides. One support package 1s made

Copyright 2002-2017 R. C. Gonzalez & K. E. Woods Version 1.0 2017-07-20 Page 4 of 166



avallable with every new book, free of charge. Applications for the support packages are submitted at the

book website.
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Chapter 2

Problem Solutions

Problem 2.2

The diameter, x, of the retinal image corresponding to the dot is obtained from similar triangles, as shown
in Fig. P2.3. That 1s,

df2  x/2

0.2 0.017

which gives x = 0.0854 . From the discussion in Section 2.1, and taking some liberties of interpretation, we
can think of the fovea as a square sensor array having on the order of 337,000 elements, which translates
into an array of approximately 580 X580 elements. Assuming equal spacing between elements, this gives

580 elements and 579 spaces, for a total of 1,159, on a line 1.5 mm long. The size of each element and each
space is then s = [(1.5mm/1,159] =1.3 x107% m. If the size (on the fovea) of the imaged dot is less than
the size of a single resolution element, we assume that the dot will be invisible to the eye. In other words,

the eye will not detect a dot if its diameter, 4, is such that 0.085(d) <1.3x10* m, or d <15.3x107° m.

Image of the dot
an the toveéa —

/24

: = Edee view of dot
| il z
' 12

2

-
| =
e — -

[

—
N

- — 0.2m — 0017Tm |=

Figure P2.3

Problem 2.4

(a) From the discussion on the electromagnetic spectrum in Section 2.2, the source of the illumination
required to see an object must have wavelength the same size or smaller than the object. Because interest
lies only on the boundary shape and not on other spectral characteristics of the specimens, a single
illumination source in the far ultraviolet (wavelength of .001 microns or less) will be able to detect all
objects, and the smallest detail discernible will be .001 microns or less, the same as the wavelength of the

illumination. A far-ultraviolet camera sensor would be needed to image the specimens.

Copyright 2002-2017 R. C. Gonzalez & R. E. Woods Version 1.0 2017-07-20 Page 19 of 166



Problem 2.5

(a) The vertical (or horizontal) dimension in which the image has to fit is 5 cm or 50 mm. So, we have to fit
2048 lines in 50 mm or approximately 41 lines/mm. Line pairs is half of that, or approximate 20 line pairs

per mm.

Problem 2.6

From the geometry of Fig. 2.3, (7 mm)/(35 mm) = (z)/(500 mm) , or z = 100 mm. So the target size is 100
mm on the side. We have a total of 1024 elements per line, so the resolution of 1 line 1s 1024/100 = 10

elements/mm. For line pairs we divide by 2, giving an answer of 5 Ip/mm.

Problem 2.8

Let D be the distance from the center of the camera lens to the area to be imaged, which 1s given as 1 m. Let

H denote the height of the area to be image, which is given as 0.5 m. Let L. denote the focal length of the
lens, which 1s given as 200 mm. We want to find 4, the height of the imaged area in the focal plane of the
lens (this will be the minimum size of the CCD chip needed). Then, from the geometry of Fig. 2.3,

(H/D) = (d/L) or
d=(LH)/D=(200 mm)(500 mm)/1000 mm = 100 mm

Thus, the imaged area is of size 100 mm?®. We are given that the required resolution is 5 line pairs per mm,

which means 10 pixels/mm in the vertical (and horizontal) directions. Because 4 = 100 mm, we need to be

able to detect (10 pixels/mm)(100 mm) = 1000 pixels in each vertical line of the image. This means that the

minimum resolution of our CCD chip 1s 1000 x 1000 pixels over a square of size 100 x 100 mm.

Problem 2.9
(a) The total amount of data (including the start and stop bits) in an 8-bit, 1024 x1024 image is

(1024) % (8 +2) bits. The total time required to transmit 500 such images over a 3 M baud modem is:

Trans time = 500 x(1024)* % (10)/(3 x10°)=1,748sec.

Problem 2.10

The width-to-height ratio is 16/9 and the resolution in the vertical direction is 1125 lines (or, what is the
same thing, 1125 pixels in the vertical direction). It is given that the resolution in the horizontal direction is

in the 16/9 proportion, so the resolution in the horizontal direction is (1125) x(16/9) = 2000 pixels per
line. The system “paints” a full, 1125 x 2000 &-bit image every 1/30 sec for each of the red, green, and blue

component images. There are 7200 sec in two hours, so the total digital data generated in this time interval
is (1125)(2000)(8)(30)(3)(7200) =1.166x 10" bits, or 1.458x 10" bytes (i.e., about 1.5 terabytes).

These figures show why image data compression (Chapter 8) is so important.
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Problem 2.11

(a) From the problem statement,

x+ M(y+ Nz)=s

“Moding” both sides of this equation with respect to M gives

x=s mod M

where we used the fact on the left side of the first equation that all quantities are integers, and that the

modulus of an integer plus an integer multiple of M is equal to the first integer.

Problem 2.12

The image in question 1s given by

fx,y)=ilx,y r(x,y)
X 2553—[(I—Ie)2+(}f—}’o}z] 1.0
_ 755~ [=%)"+ (=7)]

A cross section of the image is shown in Fig. P2.12(a). If the intensity is quantized using k bits, then we have

the situation shown in Fig. P2.14(b), where AG = (255 + 1)/ 2*. Since an abrupt change of 8 intensity levels

is assumed to be detectable by the eye, it follows that AG =8 = 256/ 2% or k=5. In other words, 32, or

fewer, intensity levels will produce visible false contouring.

[ntensaty

2551

Intensity
- AG

255+

spaced

subdivisions

) ; ﬁ"“;====
(b)

Figure P2.12

Problem 2.14
Let p and g be as shown in Fig. P2.14. T'hen,
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(a) S; and §; are not 4-connected because g is not in the set Ny(p).

: 5 : S l
010 0 0 0:i0 0 1 110
100 0 1 0{0 1 0 0}]1

. e i
110 0 1 0:(1) 1 0 00
o R L
o 0 1 1 1 0 0 1 1 1

Figure P2.14

Problem 2.15

The solution of this problem comnsists of defining all possible neighborhood shapes to go from a diagonal
segment to a corresponding 4-connected segment, as Fig. P2.15 illustrates. The algorithm then simply looks

for the appropriate match every time a diagonal segment 1s encountered in the boundary.

S
L WL moEgg
| [ 1= B
— : Ol
=] B o
Figul.'e Pi.lS .

Problem 2.18
(a) When V ={0,1} a 4-path does not exist between p and g because it is impossible to get from p to g by

traveling along points that are both 4-adjacent and also have values from V. Figure P2.18(a) shows this
condition; it is not possible to get to g. The shortest 8-path is shown in Fig. P2.18(b); its length is 4. The
length of the shortest m-path (shown dashed) is 5. Both of these shortest paths are unique in this case.
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Figure P2.18

Problem 2.19

(a) A shortest 4-path between a point p with coordinates (x,y) and a point g with coordinates (s,7) 1S

shown 1n Fig. P2.19, where the assumption is that all points along the path are from V. The lengths of the
segments of the path are |x —s| and |y— 1|, respectively. The total path length is |x — s|+|y —¢], which we

recognize as the definition of the D, distance, as given in Eq. (2-20). (Recall that this distance is

independent of any paths that may exist between the points.) The D A distance obviously is equal to the

length of the shortest 4-path when the length of the path is |x — s|+ |y — ¢]. This occurs whenever we can get

from p to g by following a path whose elements (1) are from V, and (2) are arranged in such a way that we
can traverse the path from p to g by making turns in at most two directions (e.g., right and up).

q
* (s, 1)

[P = e e e e e e =
(x, ¥)

Figure P2.19

Problem 2.22
With reference to Eqs (2-22) and (2-23), let H denote the sum operator, let §; and §, denote two different

small subimage areas of the same size, and let §, +5, denote the corresponding elementwise sum of the
elements in §; and §,, as explained in Section 2.6. The operator H computes the sum of pixel values in a
neighborhood, and thus yields a scalar for a given neighborhood. Then, H(a$, + 53,) means: (1) multiply

the pixels in each of the subimage areas by the constants shown, (2) add the pixel-by-pixel values from a§,

and bS, (which produces a single subimage area), and (3) compute the sum of the values of all the pixels in
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that single subimage area, which produces a scalar. Let ap, and bp, denote two arbitrary (but

corresponding) pixels from a5, + b35,. Then we can write

H(aS, +bS,)= Yy ap, +bp,

pl ES]_ EI]CI pz ESE

2 ap; + 2 bp,
1 2 2

PLES 2 E.5

=da 2 ptoh Z P
Predy PS5,

=aH(S,) + bH(S,)

which, according to Eq. (2-23), indicates that /{ is a linear operator.

Problem 2.23
(a) Addition: The left side of Eq. (2-23) is:

Hlaf, +bf,| = (af, + bf; ) +(af; +bf)

=2a(f) +20(}>)
The right side of Eq. (23) is

aH[fi|+DH|L]|=alfi+ f)+D(F, + )
= 2af, + 2bf,

The left and right sides are equal, so the summation operator 1s linear.

(c) Multiplication: The left side of Eq. (2-23) is:

Hlaf, +bf,|=(af; +bf,) x(af; +bf,)
= a°fy X fy + 2abfy x f + B X [,

where it 1s understood that, for example, f; X f; 18 the elementwise product of the two images. The right

side of Eq. (2-23) is

aH[fi]|+bH|f]=alfix fi)+B(fr < f5)

The left does not equal the right so the multiplication operator 1s not linear.

Problem 2.25

The average of k£ 1mages 1s

a(k)

ol B

.M?‘T
Lt

—
Il
[ty

and the average of £ +1 1mages 1s
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k+1 k

zf; + frn

k+1)=
9 k+12‘f” k+1

=1

k k
k;f} + fre

1
k+1

1
k+1

|ka(k) + fi]

Problem 2.26
(a) From Eq. (2-26), at any point (x, y),

g(x,y)=— Zg_,,( Y)=— Zf(x y)+—2m(x y)

.1—1 .1,—1 .::—1

Because this equation is applicable at ary coordinates, (x, y), we can simplify the notation by dropping the

coordinates. Then,

But all the f, are the same, so E{f,}= f. In other words, the noisy images are formed by adding noise to
the same 1mage. The noise changes from 1mage to 1image, but f remains the same. Also, it 1s given that the

noise has zero mean, so £{n,;} = 0. Thus, it follows that E{g}= f, or E{g(x,y)}= f(x,y), which proves the
validity of Eq. (2-27).

Problem 2.27

(a) Pixels have integer values, and 8 bits allow representation of 256 contiguous integer values. In our work,

the range of intensity values for 8-bit images is [0,255]. The subtraction of values in this range cover the

range |—255,255]. This range of values cannot be covered by 8 bits, but it is given in the problem statement

that the result of subtraction has to be represented in & bits also, and thus are limited to the range [0,255].

What this means 1s that any subtraction of 2 pixels that yields a negative quantity will be clipped at 0.

The process of repeated subtractions of an image b(x, y) from an image a(x, y) can be expressed as

de(x,y)=alx,y) bey

= a(x ay)—Kb(xay)

where dp(x,y) is the difference image resulting after K subtractions. Because image subtraction is an

elementwise operation (see Section 2.6), we can focus attention on the subtraction of any corresponding
pair of pixels in the images. We have already stated that negative results are clipped at 0. Once a 0 result 1s

obtained, 1t will remain so because subtraction of any nonnegative value from 0 1s a negative quantity
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which, again, is clipped at 0. Similarly, any location (x,, y,) for which b(x,, y, )= 0, will produce the result
dr (X, Vo) = a(x,, v, ). That is, repeatedly subtracting 0 from any value results in that value. The locations

in b(x,y) that are not 0 will eventually decrease the corresponding values in d(x, y) until they are 0. The

maximum number of subtractions in which this takes place in the context of the present problem is 255,

which corresponds to the condition at a location in which a(x, y) is 255 and b(x, y) is 1. Thus, we conclude

from the preceding discussion that repeatedly subtracting an image from another (and representing the

results in 8 bits) will result in a difference image whose components are 0 in the locations in & (x, y) that are

not zero and equal to the original values of a(x, y) at the locations in b(x, y) that are 0. This result will be

achieved in, at most, 255 subtractions.

Problem 2.28

Let g(x,y) denote the golden image, and let f(x,v) denote any input image acquired during routine

operation of the system. Change detection wvia subtraction 1s based on computing the difference

d(x,y)=g(x,y)— f(x,y). The resulting image, d(x,v), can be used in two fundamental ways for change
detection. One way 1s to use pixel-by-pixel analysis. In this case we say that f(x, y) is “close enough” to the

golden image if all the pixels in d(x, y) fall within a specified threshold band |7 . ,7 . | where T . 1is

min?® *max

negative and 7. is positive. Usually, the same value of threshold is used for both negative and positive

X

differences, so that we have a band |7, T'| in which all pixels of d(x, y) must fall in order for f(x,vy) to be

declared acceptable. The second major approach is simply to sum all the pixels in |d(x, y)| and compare

the sum against a threshold (). Note that the absolute value needs to be used to avoid errors canceling out
in the sum. This 1s a much cruder test, so we will concentrate on the first approach.

There are three fundamental factors that need tight control for difference-based inspection to work: (1)
proper registration, (2) controlled illumination, and (3) noise levels that are low enough so that difference
values are not affected appreciably by variations due to noise. The first condition basically addresses the
requirement that comparisons be made between corresponding pixels. T'wo 1mages can be 1dentical, but if
they are displaced with respect to each other, comparing the differences between them makes no sense.
Often, special markings are manufactured into the product for mechanical or image-based alignment.

Controlled illumination (*“illumination™ is not limited to visible light) obviously is important because
changes 1n 1llumination can affect dramatically the values in a difference image. One approach used often in
conjunction with illumination control 1s ntensity scaling based on actual conditions. For example, the
products could have one or more small patches of a tightly controlled color, and the intensity (and perhaps
even color) of the pixels in the entire image would be modified based on the actual versus expected
intensity and/or color of the patches in the image being processed.

Finally, the noise content of a difference 1mage needs to be low enough so that it does not materially
affect comparisons between the golden and input 1mages. Good signal strength goes a long way toward
reducing the effects of noise.

There are a number 1f variations of the basic theme just described. For example, additional intelligence
in the form of tests that are more sophisticated than pixel-by-pixel threshold comparisons can be

implemented. A technique used often in this regard 1s to subdivide the golden image into different regions
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and perform different (usually more than one) tests in each of the regions, based on expected region
content.

Problem 2.29
(a) K =2°-1.

Problem 2.30
(a) See Fig. P2 .30.

C

(AnC)=(ANnBNC)
(a)

Figure P2.30

Problem 2.31
(a) See Fig. P2.31(a)

@G - &

ANC-ANBNC AnBU[(ANC)-AnBANC] An(BuU(C)

Figure P2.31

Problem 2.32
@) [(AnBY)U(AnC]-AnBnC.

Problem 2.33

(a) We have to show that the following three properties hold under the relation “less than or equal to.”

Reflexivity: Any real number is related to itself by the relation (<). In other words any real number is

equal to itself.
Transitivity: For any three real numbers a, b, and ¢, if @ 1s less than or equal to b, and b 1s less than or

equal to ¢, then 4 1s less than or equal to ¢ So, transitivity holds.
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Antisymmetry: For any two real numbers @ and b, if @ 1s less than or equal to b, and b 1s less than or

equal to a, then 1t follows that ¢ and b are the same number.

Since all three properties hold, set S 1s a partially ordered set under the relation “less than or equal to.”

(b) We have to show that the properties of antiretlexivity and transitivity hold under the relation “less
than.”
Antireflexivity: Any real number cannot be less than itself, so this property holds.

T'ransitivity: For any three real numbers a, b, and ¢, 1f @ 18 less than b, and b 1s less than ¢, then 1t follows

that @ must be less than ¢. So, transitivity holds.

Problem 2.34

To solve the problem, we have to show that the relation “divisible by” 1s reflexive, transitive, and
antisymmetric.
(a) Reflexivity: any positive integer is divisible by itself (i.e., £ = 1 in the problem statement) so this

condition 1s satisfied.

Problem 2.36
(a)
C.aR0 | 0T Jc¥ 0 ¢t
U\coltl (| UL 7, |=] 0 ¢, ¢,
o T8, BHo 0 1 0 0 L
(b)
0l|1 0 ¢t |[cos®# —sind 0] [c, O ct, |[cosf® -singd O
0|0 1 ¢, ||sin® cos# 0O |=|0 ¢, cpt,| sind coséd O
1{|0 0 1] O 0 1] |0 0 1 | O 0 1]
¢, cosf —c sin® ct,
=|c,81n8 c,cos8 ¢,
L 0 1 _
Problem 2.37
(a) The forward scaling transformations 1s:
T e, '@ Q]
y1=10 ¢, O]y
L] |0 O L)1)

and the corresponding inverse transformation 1s
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x| |[1fe, 0 O]

x| |cosB —sinf O x
v sinf  cosf Oy
1] | 0O 0 L] 4|

and the corresponding inverse rotation transformation 1s

x| | cosf sin@ O x'
y|=|—sinf cosf O]y
| 1g@ | B2 0 G 17
(e) A composite translation/rotation transtormation 1s
x| |1 0 ¢t ]|[cos® —sinf@ O0]|[x| |cosf —sin€ ¢, |[x
y =10 1 ¢, | sinf cos6 O y|=|sinf cosé 1, |y
1] |00 1] O 0 141 [ O 0 11
and the corresponding inverse transtormation 1s
x| [ cosé sin® 0|1 O —t, | x| | cos® siné -t ,cos—t,sinf|x
y|=|—smé cosé 0|0 1 —t ||y |=|—sin8é cosf 7 smé—1¢ sind | y’
1] | O O 1j0 0 1 1] | O 0 1 111

Note the order of the matrices in the forward vs the inverse composite transtormations.

Problem 2.39

(a) The Fourler transtormation kernel 1s separable because

F(I V.U 1}) _ E—ij(ufo+ﬁny)

_ E—jEw(ufo)E—wa(ﬂy/N)

= n(x,un(y,v)
It 1s symmetric because

E—ij(ufo+ﬁny) _ E—ij(uij)E—ij(ﬁyjN)

= Fl(I,M)f'l(y,’U).
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Problem 2.40
From Eq. (2-59) and the definition of separable kernels,

T(u,v) Z Z flx, yyr(x, y,u,v)

ME

f‘l(x H)Z Flx, yin(y,v)

e
._1-:

T(I,‘Eﬂ)f’l(y,i})

0

v
I

where

T(x,v) = Z_Df(xay)rz(y;v)

For a fixed value of x, this equation is recognized as the 1-D transform along one row of f(x,y). By letting
x vary from 0 to M —1 we compute the entire array T'(x,»). Then, by substituting this array into the last

line of the previous equation we have the 1-D transform along the columns of T'(x,»). In other words,
when a kernel 1s separable, we can compute the 1-D transform along the rows of the image. Then we
compute the 1-D transform along the columns of this intermediate result to obtain the final 2-D transform,
T(u,v). We obtain the same result by computing the 1-D transform along the columns of f(x,y) followed
by the 1-D transtorm along the rows of the intermediate result.

T'his result plays an important role in Chapter 4 when we discuss the 2-D Fourier transtorm. From Eqg.

(2-61), the 2-D Fourier transform is given by

M-1N-1

T(H @)_ E E f(.lf y)E—;an(ufo+ﬁny)

x=0 y=0

We know from Problem 2.41 that the Fourier transtorm kernel i1s separable, so we can write this

equation as

M1 N-=1

T(H ’U) - 2 Z f(.lf y)e F2a(uxfM + vyfN)
x=10 y=0
M-1 o M)N_l 2oy ] N
- iy i,y
x=10 y=0
M-1
= S T(x,v)e 2wl
x=1

where

N-1
T(x,v)= 2 f(x,y)e_fz’”(w"w)

p=0

1s the 1-D Fourier transtorm along the rows of f(x,y) ,aswelet x=0,1,2,.... M-1.
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Chapter 3

Problem Solutions

Problem 3.2

1

) #=2~ 1+ (m/r)E

(1)

Problem 3.3

(a) The transformations required to produce the individual bit planes are mappings of the truth table for
eight binary variables. In this truth table, the values of the 8th bit are U for image values 0 to 127, and 1 for

image values 128 to 255. Thus a transformation function to generate the most significant (&th) bit plane

would be 7(r)=0 for rin the range |0, 127] and 7(r)=1 for r in the range [128, 255].

Continuing with the truth table concept, the transtformation required to produce an image of the 7th bit
plane outputs a 0 for image values in the range [0, 63], a 1 for values in the range [64, 127], a O for values in
the range [128, 191], and a 1 for values in the range [192, 255]. For the 6th bit plane, the transformation
function outputs a 0 for image values in the range [0, 31], a 1 for values in the range [32, 63], O for values in
the range [64, 91], and so forth. The transformation function to generate the 5th bit plane would generate a
0 for image values in the range |0, 15], a 1 for values in the range [16, 31|, and so forth. A similar approach
1s used for the other bit planes. Finally, the output of the transformation for the lowest-order bit plane
alternates between U and 1, depending on whether the byte values are even or odd.

As you can see, the number of "flips” in the transtormation function increases as the order of the bit

planes decreases. This 1s the reason why the lowest-order bit plane 1s the "busiest.”

Problem 3.5

(a) The number of pixels having different intensity level values would decrease, thus causing the count in

the lower-order bins in the histogram to decrease. Because the number of pixels would not change, this

would cause the numebr of counts of the higher order bins to increase, resulting in taller histogram peaks in

the higer values. This will brighten the image but its tonality would decrease.

Problem 3.9

(b) If none of the intensity levels r,, k=1,2,...,L—1, are 0, then 7(r,) will be strictly monotonic. This

implies a one-to-one mapping both ways, meaning that both forward and inverse transformations will be

single-valued.
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Problem 3.10

T'he purpose of this simple problem 1s to make the student think of the meaning of histograms and arrive at
the conclusion that histograms carry no information about spatial properties of images. Thus, the only time

that the histogram of the images formed by the operations shown in the problem statement can be

determined in terms of the original histograms is when one (both) of the images is (are) constant. In (d) we

have the additional requirement that none of the pixels of g{x,y) can be 0. It is given that the histograms
are not normalized, so, tor example, k(5. ) is the number of pixels in f(x,y) having intensity level .
Assume that all the pixels in g{x,y) have constant value c¢. The pixels of both images are assumed to be

positive. Finally, let #z, denote the intensity levels of the pixels of the images formed by any of the

arithmetic operations given in the problem statement. Under the preceding set of conditions, the histograms

are determined as follows:

(a) We obtain the histogram A" (x,) of the sum of fand g by letting w, =7, +¢, and also A" (u, ) = h.(r,)

for all k. In other words, the values (height) of the components of %" are the same as the components of

hie, but their locations on the intensity axis are shifted right by an amount ¢.

Problem 3.11

(a) The histogram equalization transformation for the interval [0,L —1]:

FE

F 2 F
s=1(r)y=(L-1 wdw = wdw =
=21 [ gt =2 [waw =

By definition, this transformation is 0 for values outside the range [0, —1]. Squaring the values of the

input intensities and dividing them by (L —1) will produce an image whose intensities, s, have a uniform

PDF because this i1s a histogram-equalization transtormation, as discussed earlier.

(b) We are interested in an image with a specified histogram, so we find next

Z 3 r ; 23
Giz)y=(L-1 w)dw = w” dw =
(2)=( {[zu:) (L_Daéi T

over the interval |0, —1]; this function is 0 elsewhere by definition. Finally, we require that G(z)=s, but

Glz)=2/(L-1), so 22[/(L-1)* = 5, and we have

1=G o) =[(L-1ps]"
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Thus, if we multiply every histogram equalized pixel by (L —1)* and raise the product to the power 1/3, the

result will be an image whose intensities, z, have the PDF p, (z)= 3z2/(L—1)® in the interval [0,L—1], as

desired.

Problem 3.13

Yes. Transformation (2) is the mapping from s, to z, constructed based on Steps 2 and 3 of the histogram
specification procedure. In Fig. 3.25(b) s; is the ordinate and z, the abscissa. Thus, the graph is presented
as the standard way in which you would visualize a mapping from z, to s, . It you wanted to visualize the
transtormation from s, to z, constructed based on Steps 2 and 3 of the procedure, you would choose s,

as the abscissa and z, as the ordinate. Figure 3.25(b) simply has combined two different orientations into

one plot. Thus, the functions appear as mirror images of each other when shown 1n the same graph.

Problem 3.14

The value of the histogram component corresponding to the kth intensity level in a neighborhood 1s

Fly,

pr(rk) N ?

for k=0,1,2,...,K -1, where n, 1s the number of pixels having intensity level 5., n 1s the total number of

pixels 1n the neighborhood, and K is the total number of possible intensity levels. Suppose that the

neighborhood is moved one pixel to the right (we are assuming rectangular neighborhoods). This deletes

the leftmost column and introduces a new column on the right. The updated histogram then becomes

pn)= %I:Hk —h, T ”Rk]

for k=0,1,2,.... K —1, where np, 1s the number of occurrences of level r on the left column and g, 1S

the similar quantity on the right column. The preceding equation can be written also as

, 1
pr(n)=p(n)+ ;[”Rk - HLkiI
for £=0,1,2,...,K —1. The same concept applies to other modes of neighborhood motion:

7o) = p, )+~ (b~ a,]

k=0,1,2,...,K -1, where a, 1sthe number of pixels with value 5, in the neighborhood area deleted by

the move, and b, 1s the corresponding number introduced by the move.

Problem 3.17
Figure 3.28 redrawn with the kernel rotated by 180°:
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Tix=13y-=1)

fix=1,y)

fix.y—1)

flx,y)

ey +1)

fix+1l.y-1)

flx+1,y)

fix+ly+1)

Expand Eq. (3-34):

s=-1t=-10,1

Figure P3.17

fix=1,y+1)

w1, - flx+LyEDH w10 (x+ 1, y)+w(-LDf(x+1, y—-1)

y=10 £==10,1

w(0,-1)f(x, y+ 1)+ w(0,0)f(x, y) +w(0,1)f(x, y— 1)

g=1; £=-10,1

w(lL,-Df(x—1Ly+1)+w(1,0)f(x-1L y+wl)f(x—1Ly-1)

We see that these results correspond to the sum of products for the arrangement in the preceding figure.

Problem 3.18
(a)
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Figure P3.18

(b) Because the kernel is only of size 3 X3, the minimum padding needed is a one-element border of Os all

around the image. This turns the (2,3) point in the original image into (3,4) in the padded image. We use
the symbol f, denote the 7 x7 padded image:

=

Il
= S L o= o= A = D = R 2
S R S I TN ISR XD
o O O O O O O
== B - L o =
acee S e L v (R - O - o i
e SN - G v R o o LA o T
e QO D QO D

From Eq. (3-34):

a. B
(wh f)(xy)= 2, > w(s.)f(x—sy-1)

S=—g f=—b

= zll i w(s, ) f(3-s,4-1)

g==1 f=-1

where the second equation corresponds to the kernel being centered at point (3,4) of the padded image.

The only sum-of-product values that are mnot 0 are w(0,0)f,(3.4)=(4)1)=4 and

w(—1,0)f(4,4) = (2)(1) = 2. Thus we have that the convolution value when the kernel is centered at (2,3) is
(w¥ £)(3,4) =4+ 2 = 6. The full convolution is:
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000000 O
001 2100
00 36300
(wx A(x,y)=[0 0 4 8 4 0 0
00 36300
001 210 0
000000 0

Problem 3.19

The sizes of correlation and convolution are identical, so we prove the validity of Egs. (3-36) and (3-37)

only for correlation. et «w represent a kernel of size m X n, and let and f be an 1image of size M X N. We
assume that m < M and n<N. We prove the validity of 5, first. Suppose the the bottom right point of w

1s colncident with the origin of the image, which 1s at the top, left. To complete the correlation of w with
the first row of f so the leftmost bottom point of 2 18 coincident with with the rightmost point of the first
row of fwe have to shift w to the right a total of n—1 times. The width of the image 1s N, so the total width

of the correlation result for the first row will be N +n —1. Of course the width of all rows 1s the same. Thus,

as shown in Eq. (3-37), the width of the image resulting from correlation is .5, = N +n—1. A similar analsis

in the vertical direction would show that the the height of the correlation resulti1s 5, = M +m —1, as given

in Eq. (3-36). Keep in mind that these results are applicable to the cofiguration in which we start with the
rightmost bottom point of w coinciding with the origin of f (top, left) and ending rith the top left point of
w coinciding with the bottom right pixel of 7.

Problem 3.20

(a) By Inspection,

w;(—1) ] 1
wy = | wy(0) 2 |. Similalry, w, =|w,(-=1) w,(0) wz(l)]=wT =1 2 1]
Cwy(l) 1

|
-
|

NOTE: For the solution of parts (b) and (c) of this problem, assume that the starting configuration is with
the center of the kernel coincident with the origin of the unpaddedimage, as described 1n Fig. 3.30.

Problem 3.22

(a) By definition, a separable kernel is formed as vw'. So, yes, the kernel will be separable. Another way

to answer this 1s that a matrix formed as the outer product of two vectors 1s always of rank 1. And a kernel

with rank 1 1s separable.
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Problem 3.23

(a) As stated at the beginning of the subsection entitled Separable Filter Kernels in Section 3.4, a function

(GG(x,y) 1s separable if it can be written as G{x,y) = G;(x)G,(y). The 2-D Gaussian function can be written

as

IE +_]..’2 IE }jl

Glx,y)= e 20 =g e 207 = G (x)G,(y)

Thus, the (Gaussian kernel 1s separable.

Problem 3.24

Let the column vector be denoted by

€1
el
£ — |
and the row vector as
= [rl 9 rﬂ]
Their outer product 1s
€y Cih G CiF,
& | &R 6L Gt
[rl 5 rﬂ] = _
&, | CF G CiF,

From Fig. 3.28, we know that the convolution of two, 2-D functions involves rotating one of the functions
180° and shding 1t past the other so that each of the elements of one function “visits™ every element of the
other . [This is "full convolution”, as explained in connection with Eqs. (3-36) and (3-37).] If we rotate r by
180° we get

r=[r, ., - n]
You can see that shiding r past the first row of ¢ will generate the convolution elements
e, BE = B

which 1s equal to the first row of the product above. It’s easy to see that when r slides past the second row

of ¢ that the second row of the product will be generated, and so on, so that at the end of the convolution

process we will have generated the entire product of the two vectors.
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Problem 3.25

(a) For two functions, T'able 3.6 shows that the mean and variance of the product of two functions 1s

o5 + 1m0
- _ SR 201
£1728 2 2
0 i 0,
and
2 2
e e PAPD
X 2, 2
£178 o +ﬂ'2
If a third function 1s included 1n the product, it follows that
Mo T o
11 . 3 £1 %89 £1782 3
g xgs ) 2 2
g3 g1 %8z ) o +ﬂ'3
E1#E2
and
2 0
ﬂ_Z = ﬂ-3ﬁr§1x§1
gX{gXg ) 2 2
g T Erglfi{gz
This pattern generalizes to
2 2
m _ ng ﬂ-gﬁ'_l g r iy :’{"':‘{31}{32 + mgﬁf—l }{g =2 }{x‘gl }i‘gﬂ ﬂ-K
K K Ep 52X g X o 2 2
gx X gr_1X8x 2 g1%8gs ) o +ﬂ'K

SR_178 Fg tNE ey

and

2 2
Fx ﬂ-gg—ﬁgﬁ:—z}{“'}{gﬁgz
7
Exr 1 X Er_oX XE1XE

2 _
S gg 1 X8y oK X&) T

& >
oy +0o

T'he standard deviation 1s the square root of the variance.

Problem 3.26

(a) The number of boundary points between the black and white regions 1s much larger in the image on the
right. When the images are blurred, the boundary points will give rise to a larger number of different values

for the image on the right, so the histograms of the two blurred images will be different.

Problem 3.27
(a) From Egs. (3-39) and (3-40), the composite kernel is of size
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|O(m—1)+ m|x[O(m—-1)+m|=[43-1)+3|x|4(3-1)+ 3]
=11 x11

As you know from our discussion of the Gaussian lowpass kernel in Section 3.5, a kernel whose size is

only 3o x 30 will have a behavior between a box kernel and a (Gaussian kernel. We need on the order of

6 < 6a to obtain the benefits of a kernel with smooth skirts.

Problem 3.28

(a) Yes. As Table 3.6 indicates, the convolution of Gaussians 1s a (Gaussian.

Also, as you know from our discussion of the Gaussian lowpass kernel in Section 3.5, a kernel whose size
1s not on the order of 60 X 60 will not have the benefits of a the long skirts of a (Gaussian kernel. The

kernels in this problem will have a behavior between a box kernel and a Gaussian kernel.

Problem 3.29

One of the easiest ways to look at repeated applications of a spatial filter 1s to use superposition. Let

f(x,y) and w denote the image and a kernel, respectively. Assuming square images of size N x N for

convenience, we can express f(x,y) as the sum of at most N? images, each of which has only one nonzero

pixel (initially, we assume that N can be infinite). Then, the process of filtering with kernel w is given by the

convolution

w*f:w*[fi + £, +---+ng:|

Suppose for 1llustrative purposes that f, has value 1 at its center, while the other pixels in that image are

valued O (see Fig. P3.29(a)). If w isa 3x3 kernel of 1/9°s (Fig. P3.29(b)), then convolving w with f, will

produce an image with a 3x 3 array of 1/9°s at its center and Os elsewhere, as Fig. P3.29(c) shows. If w is
now applied to this image, the resulting image will be as shown in Fig. P3.39(d). Note that the sum of the
nonzero pixels in both Figs. P3.29(¢c) and (d) is the same, and equal to the value of the original pixel. Thus,

it 1s intuitively evident that successive applications of w will “diffuse” the nonzero value of f, (not an

unexpected result, because w 1is a blurring kernel). Since the sum remains constant, the values of the

nonzero elements will become smaller and smaller, as the number of applications of the filter increases. The
overall result is given by adding all the convolved f,, for k=1,2,...,N°.

Fvery iteration of blurring further diffuses the values outwardly from the starting point. In the hmit, the
values would get infinitely small, but, because the average value remains constant, this would require an
image of infinite spatial proportions. It 1s at this junction that border conditions become important.
Although 1t 1s not required in the problem statement, i1t 1s instructive to discuss in class the effect of
successive applications of w to an image of finite proportions. The net effect 1s that, because the values
cannot diffuse outward past the boundary of the image, the denominator in the successive applications of

averaging eventually overpowers the pixel values, driving the image to zero in the limit. A simple example

of this is given in Fig. P3.29(e), which shows an array of size 1 x 7 that is blurred by successive applications
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of the 1 x 3 kernel w = [1 1 1]/3. We see that, provided that the values of the blurred 1 can diffuse out,

the sum, S, of the resulting pixels is 1. However, when the boundary is met, an assumption must be made
regarding how kernel operations on the border are treated. Here, we used the common assumption that
pixel value immediately past the boundary are 0. The kernel operation does not go beyond the boundary,
however. In this example, we see that the sum of the pixel values begins to decrease with successive

applications of the kernel. In the limit, the term 1f(3)”’ would overpower the sum of the pixel values,

yielding an array of 0’s.

158 51 N 71 I :i[.
| . '
EEREE .' (4B
EEEE | |
| |
== =EngEy =12 = | ||
| i i 1|
_________ ']
(a) (b) (c)
0 00 1 00 O =0
| % | N -
0 0 ﬁ; ,: 0 0 =19
l = =9/81
i =6/81
E 2 & 23 ~
O T T F & PN s, =481
B =3/81
w A Y. B & =2/81
w W W 7 I = 1/81

i
44 89 126 141126 89 44
Ik__k‘!c‘klk_klkl

(e)

Figure P3.29

Problem 3.31

We assume full convolution, as explained in connection with Eqgs. (3-36) and (3-37). Let the coefficients of a

general kernel be denoted by ¢;,¢,,¢5,...cx. We know that in full convolution each coefficient in the kernel

multiplies each pixel in the input image one time. The only operation performed is a sum of products.
Therefore, if we were to expand the convolution summation, add all the terms, and collect the coetficients

multiplying every pixel, f(i, j), of the original image, we would find that they appear as follows:

fGDley +e3+ 65+ + ]
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But the sum of the coefficients is assumed to be 1. So, if we carry out this opearation for all locations (i, )

in the 1mage and sum the results, we conclude that the sum of the pixels in a filtered image will be equal the

sum of the pixels in the original image

Problem 3.36

(a) There are n* pointsin an »nxn median filter. Because # is odd, the median value, £, is such that there

are (n* —1)/2 points with values less than or equal to { and the same number with values greater than or
equal to ¢. However, because the area 4 (number of points) in the cluster is less than one half n*, and 4
and » are integers, it follows that 4 is always less than or equal to (n* —1)/2. Thus, even in the extreme case

when all cluster points are encompassed by the filter, there are not enough points in the cluster for any of
them to be equal to the value of the median (remember, we are assuming that all cluster points are lighter
or darker than the background points). Therefore, if the center point in the filter is a cluster point, it will be
set to the median value, which 1s a background shade, and thus it will be ehiminated from the cluster. This
conclusion obviously applies also to the less extreme case when the number of cluster points encompassed

by the median filter 1s less than the maximum size of the cluster.

Problem 3.37

(a) Numerically sort the n® values. The median is
¢ =[(n® +1)/2]-th largest value.

Problem 3.39

The Laplacian operator 1s defined as

for the unrotated coordinates, and

Of . 3f
VFE o
f axfz T ayfz

for the rotated coordinates. It 1s given that

x'=xcosf — ysinf and y =xsinf + ycos#h

where 6 1s the angle of rotation. We want to show that the right sides of the first two equations are equal.

We start with
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of _ df ox’ E}f ady’
dx odx’' ox ay dy

aaf cosf + E}){

s1n #

Taking the partial derivative of this expression again with respect to x yields

3 f _ 3f

)
27 - 0y COS 9+a f{aaff}sinﬂcﬂsﬂ+aaf(§fir)cﬂsﬂsin9+aaisinzﬂ

Next, we compute

E}_f= df ox' af dy’
dy dx' dy By dy

f of

= ———3InfH + ——

ox dy’

—COSH

Taking the derivative of this expression again with respect to y gives

2 2 2
g—]:= E}a £ SN H—B—[S—f}cﬂsﬂsmﬂ —a—(aa—f]sinﬂcﬂsﬂ + g é cos’ f
y X X \ gy Yy Lox Y

Finally, adding the two expressions for the second derivatives gives the result:

2 2 2 2
af gf fI:CDS 6 +sin’ 9:|+ f[sm 6 + cos’ 9]
X ¥
2f o’ f
axfz ayfz

which proves that the LLaplacian operator is independent of rotation.

Problem 3.40

The Laplacian kernel with a —4 1n the center performs an operation proportional to differentiation in the

horizontal and vertical directions. Consider for a moment a 3 X3 “Laplacian™ kernel with a -2 1n the
center and 1's above and below the center. All other elements are 0. This kernel will perform differentiation

in only one direction, and will ignore intensity transitions in the orthogonal direction. An 1image processed

with such a kernel will exhibit sharpening in only one direction. A Laplacian kernel with a —4 1n the center
and 1's in the vertical and horizontal directions will obviously produce an 1image with sharpening in both

directions and in general will appear sharper than with the previous kernel. Similarly, a kernel with a —8 1n

the center and 1's in the horizontal, vertical, and diagonal directions will detect the same intensity changes
as the kernel with the —4 in the center but, in addition, it will also be able to detect changes along the

diagonals, thus generally producing sharper-looking results.
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Problem 3.41
With reference to Eqs. (3-55) and (3-56), and using &k =1 we can write the following equation for unsharp

masking;

g(x, y) = f(x,y) + f(x ¥) - f(x,9)

Convolving f(x, y) with the kernel in Fig. P3.58(a) produces f(x, y). Convolving f(x, y) with the kernel in

Fig. 3.31(a) produces ]_C(:::, y). Then, because these operations are linear, we can use superposition, and we

see from the preceding equation that using two kernels of the form in Fig. P3.41(a) and the kernel in Fig.
3.31(a) produces the composite kernel in Fig. P3.41(b). Convolving this kernel with f(x, y) produces

2(x, v), the unsharp result.

() () () - | =1 |-l
PR 9 7 Llxl-1lag |9
0
() () () —] | =] | =]
(a) (b)

Figure P3.41

Problem 3.43

(a) The magnitude of the gradient is

Al adi
mag(Vf)= [EJ +(“§;]
for the unrotated coordinates and
i 1£2

|8 ]

for the rotated coordinates. It is given in the statement of Problem 3.39 that

x' =xcost — ysinf and y =xsinf + ycosf

where ¢ is the angle of rotation. We want to show that the right sides of the first two equations are equal
We start by writing
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df _ df ox’ . af dy
dx dx dx dy dy
_of of

——Cc0SH + —s1n#f

9x dy’

and

E}_f= af ox' ; af dy
dy odx' dy dy dy
of af

= ———3InfH# + —COsH

ox' dy’

from which it follows that

Y (AfY (oY . (oY)
(ax] +{8y] _{B.x’] +{E}y’j

or

2 172

ARG AR IE AE AR
(ax] +(ay] [ax*) +[ay}

thus proving that the magnitude of the gradient is an 1sotropic operator.

Problem 3.44
(¢) The rank of both Sobel kernels is 1, so they are separable. For the kernel in Fig. 3.50(d), the vectors v

4 and w= [—1 -2 —l]T. For the kernel 1n

and w such that the kernel is equal to vw” are: v=[1 0 -1]

T

Fig. 3.50(e) the vectors are v=|[-1 -2 —1]T and w=[1 0 -1[.

Problem 3.45

(a) The most extreme case 1s when the kernel 1s positioned on the center pixel of a 3-pixel gap, along a thin

segment, iIn which case a 3 X3 kernel would encompass a completely blank field. Since this 1s known to be
the largest gap, the next (odd) kernel size up is guaranteed to encompass some of the pixels in the segment.

Thus, the smallest kernel that will do the jobisa 5x 5 averaging kernel.
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Chapter 4

Problem Solutions

Problem 4.1
(a)

= ift =1,

olt—t,)=
(= 1o) {0 if 7 B

(¢) Yes. The first expression, §(t — a), says that the impulse is located at t =a@. The second, &(a—1), says

that the impulse 1s located at a = ¢, which of course 1s the same thing.

Problem 4.3

(a) From the definition of 1-ID continuous convolution, Eq. (4-24),

e

S(t)kd(t—1t,) = f S(T)o(t —t, —7)dr
= SEI —1)

where the second line follows directly from the sifting property of the impulse, Eq. (4-13). Because the
arguments of the functions on the left are different, 1t is clearer to show the functions and their arguments
explicitly, rather than combining them in the form of Eq. (4-24). Using that form of the equation we could

write the left side of the above equation as (6% 8)(z,t,) which is not as clear. We will use the above, more

explicit notation whenever necessary to enhance clarity.

Problem 4.4

Convolution of two, 1-D continuous functions is defined by Eq. (4-24):

f(t)*xh(t)= / flryh(t —7)dr

As mentioned in Problem 4.3, we are using the equivalent notation f(¢)% A(t) rather than (f*#h)(t) in

some solutions to enhance clarity.

Consider first an impulse located at the origin: The sifting property of a 1-ID impulse at the origin 1s

defined by Eq. (4-11):
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[ () = £(0)

If we let A(f) = 8(¢) in the first expression we obtain

f(t)*o(f) = [ flr)o(t—7)dr

Note that the independent variable in the definition of the sifting property of the impulse i1s dif

erent than
for convolution. However, we can use the commutative property of convolution to write this equation as:

HOLTIOE f f(r)o(t—7)dr = f f(t—71)é(r)dr
We can now apply the sifting property, which gives the value of the functionat 7 = 0, or

f(£)*8(¢) = f(2)

In other words, a function convolved with an impulse at the origin does not change the function.

An impulse located at £, is written as &(f — #,). Following the same line of reasoning as above, we write:

f(f)*ﬁ(f—fa)=f f(r )8t = £o] —7)dr =f ft—ty —7)b(r)dr = f(t— 1)

which agrees with Eq. (4-13). In other words, the function is now copied so that, a value of the function at

any point £, now appears at location (f — £, ). For instance, the origin of f(f) is now at £, instead of at 0.

Problem 4.5

Figure P4 .5 shows a solution. The aliased function consists of the samples shown.

Samples

-
L LY
Fl
L4
L4

Sample locations —/
Figure P4.5
Problem 4.6

(a) The sampling rate has to be greater than 1 sample/sec. Figure P4.6 shows a sampling rate shightly higher
than 1 sample/sec.

Copyright 2002-2017 R. C. Gonzalez & R. E. Woods Version 1.0 2017-07-20 Page 46 of 166



Figure P4.6

Problem 4.7
(b) The Nyquist rate is twice the highest frequency or (2)(1/2) = 1 sample/sec.

Problem 4.8
We know from Example 4.2 that

3{8(t—1,)} = e7?*rlox

We know this to be true, so 1t must follow that the inverse Fourier transtorm of the exponential must be the
impulse. That is,

oD
-l {E-jz—,-rtoz } _ f g—jzmﬁjiejzﬂrmd#.
—C0
D
~ f gil‘m(f-fu)d}u = 8(t - ;)
—CO

By definition, the Fourier transform of f(f) = &’*™"is

D
—CD

o
- f e 2millo—1) 3¢
D

= Szfo — 1)
=d(p—1f)

where we used the form of the second line in the preceding equation. The last line follows from Problem

4.1(c).

Problem 4.9

(a) It follows from Euler’s formula that
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Cos( 2yt ) =

Substituting this expression directly into the definition of the Fourier transtorm gives us:

J{cos(2mpyt) |

-/,
L.

M||—t

L

Ei'f 2arpaol

s 2

—J2arpegt

2

E}Eﬂ,uﬂf _l_E—_fEﬂ,r_LGI_

2

Dt b —f2mpgt ]
p! Tl o= 2Tl 14 _|_/ p 12Tt 2Tt 1y
— 15

where the last step follows from Problem 4.8.

Problem 4.10

(a) The period 1s such that 2znt = 27, or

t =1/n.

(b) The frequency 1s 1 divided by the period, or .

cos( 2 pot e 7 dt

i —
e 1T dt

e

/ 2ot gy /
— 0 — 00

S — o) + 8 + iy )|

% / }Zwﬁﬂr _;I'Z*:IT;_LC,I] o J 2ot At

e

E.fz’j""(f-"*+f-"*0 )t At

(¢) The continuous Fourier transform of the given sine wave looks as in Fig. P4.10(a) (see Problem 4.9), and

the transform of the sampled data (showing a few periods) has the general form illustrated in Fig. P4.

sampling theorem being satisfied). The sampled function would look as in Problem 4.6(a) if the samy

theorem were satisfied.

Problem 4.11
Starting from Eq. (4-24),

fityxgt)=| f(z)glt—7)dr

10(b)

(the dashed box is an ideal filter that would allow reconstruction if the sine function were sampled, with the

dling

(Refer to the solution of Problem 4.4(a) regarding the notation we are using to denote convolution). The

Fourier transtorm of this expression 1s
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Figure P4.10

1) * el =[] 7 f(Dgt- s p ™ a
= J:f(f)[j: o(t— 'r)e'jm“fdt}d'r

The term mnside the inner bracket is the Fourner transform of g(f—7). But, we know from the translation

property (Table 4.4) that

3[g(t - )] = G(rpe™ "™
S0,
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S[£(1) % g(t)] = j: f(7) [G(ﬂ)g‘ﬂmﬂtf]d?

=G(p)| flr)e ™ dr
= G(p)F(u)

T'his proves that multiplication in the frequency domain 1s equal to convolution in the spatial domain. The
proof that multiplication in the spatial domain 1s equal to convolution in the spatial domain 1s done 1n a

similar way.

Problem 4.13
f(t) = ht)* (1)

= | h(z)f(t - 2)dz

Ny SIES ; ";’*;) i £t =B)5(t AT — 7)dz

- i [ SIZS‘; ; "g) £t — 2)5(t -2l )00

| & sin| 7(t = nAT )/ AT |

w2, Pl [7(t —nAT)] AT

= i f(nAT )sinc I:(t —nAT)/ AT:I
Problem 4.15

(b) We solve this problem by direct substitution and using orthogonality. First we have to show that F(u)
the DFT of f(x). Substituting Eq. (4-45) into (4-44) yields

M- | M- | |
Flu)="Y) e F(u)e!2miM | g i2mulM
x=0 | r=0 |

1 M-1 A1 | | -
o ﬁ 2 F(F) 2 E}EEHIME—;ZMI;M
r=0) | x=0 1
= i1’?(145)11/1'
M
= F(u)

where, because of orthogonality, the third step1s 0 unless r = u.

Next, we have to show that f(x) is the inverse DFT of F(u). Substituting Eq. (4-44) into (4-45) we get
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BT i
z f(r)e—jilmrfﬂ»f EjmefM
| =0

M1

ey

M

%Fzﬂ f(f') ée—ﬁmﬂﬂfﬁ?jﬂmﬂﬂi
S

M

where, because of orthogonality, the third step is 0 unless » = x. By showing that F(u) is the DFT of f(x)

and that f(x) is the IDFT of F(u), we have established that Eqs. (4-44) and (4-45) constitute a Fourier
transform pair.

Problem 4.17

(a) We show that the DI]" of the lett side of the double arrow equals the right side by substituting directly
into the forward DFT, Eq. (4-44):

M

21 I:f(-?f )Ejgmgxfﬂi ] E—jzmxfﬂ»‘f

=0

X[ F(x)e oMM ]

= f(x)g—ﬁﬂ[(ﬂ—ua )x/ M|

Because we did this by direct substitution into Eq. (4-44), and this equation and Eq. (4-45) are a Fourier
transtorm pair, 1t must follow that the left side of the double arrow 1s the IDEFT of the right.

Problem 4.18

(a) We have to show first that the Fourier transform of the convolution f(x)*Ak(x) is the product

F(u)H(u), and vice versa. Using the definition of the 1-D convolution theorem in Eq. (4-24), the DFT in
Eqg. (4-44), and 1-D discrete convolution in Eq. (4-48), we write

M-1| M-1

S FRrm) ()] =] fx)*h(x)|= Z{‘;, ZD Fmh(x — m) |2
=3 fm)| 3, k= mpe
= :D f(m)H(H)E—;meHM
= H(@) 3, flmpe =
= H(w)F(u)
= (HeF)(u)
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where the third step follows from the translation property of the Fourier transform (see Problem 4.17).

Because we showed the preceding properties by substituting into the DEFT, and the DEFI and IDFT are a
transform pair, it must be true that the reverse, i.e., that f(x)¥% ka(x) is the IDFT of F(u)H(u), is true also

(see the discussion on this concept following Egs. (4-44) and (4-45) in the book).

Problem 4.19

(Frh)(t,2) = Fltz)h b, 2) - / / F Bt - )z — BdadB

Problem 4.21

(a) Because all rows of the image are 1dentical, we can focus attention on one row, which 1s a 1-1) square

wave with a period, P, of four pixels. Therefore, the frequency of this signal is f = 1/4 = 0.25 cycles/pixel. If

the stripes are now four pixels wide, then the period 1s eight pixels, and the frequency of the signal is

f=1/8=0.125 cycles/pixel, which is one-half the frequency of the original signal. The center peak in the

spectrum shown 1n the problem statement 1s the dc term, and the other two dominant peaks appear on the

horizontal axis of the spectrum, exactly hali-way between the center and ends of the horizontal axis of the
spectrum. The corresponding peaks in the new spectrum have half the frequency, so they will appear
midway between the original peaks and the center of the spectrum. That 1s, one-quarter of the axis length

on either side of center. (The spectrum contains other harmonic frequency components that are of lower

amplitude and are not shown. )

Problem 4.23

A simple example of an image that would not be aliased by pixel replication 1s a black rectangle on a white
background, provided that the rectangle 1s perfectly aligned with the image borders. Zooming would result
in larger rectangles, but the edges would be perfectly preserved and the enlarged object would be a pertect

rectangle with no edge degradation (such as jaggies).

Problem 4.24
(a) From Eq. (4-59),

Flpy)=S[ft.2))=| | ft.2e’“?drdz

From Eq. (2-23), we know that the Fourier transform is a linear operator if

S|lafit.2) + afo(t,2)]| = S| fi(t,2)] + @3 £(t,2)]

Substituting into the definition of the Fourler transform yields
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S[ﬂlfl(faz) T ﬂzfz(faz)] = _[: j: [ﬂjlﬁ(f-,.Z) + ﬂzfz(f,z)]

5 g 12RHEVE) qrd
=a | | fltz)e ™y
+ azjm jm £,(1,7)e” 7V dr 7

= ;3| fi(t.2)| + 3| £,(1.2)]

where the second step follows from the distributive property of the integral. The linearity of the inverse

transform 1s proved in exactly the same way.

Problem 4.25

(a) We solve the problem by direct substitution into the forward Fourier transform, Eq. (4-59):

o e
= I:f(.?lf, y)EjZﬂ(“DI i 1:’rﬂ'g):l == / / f(x,, y)gfg’”(#mf + L’GE)E_I'Z’JT(M i I’E)dfdz
— 0 W=D

i 8.8
[ [ e r e i,
—iZ W0

= F(p— po.v=7,)

Because we used direct substitution into Eq. (4-59), and this equation and Eq. (4-60) are a Fourier

transtform pair, 1t must follow that the left side of the double arrow 1s the inverse transtorm of the right, that

iS, ﬁ_l [F(.Iu’ — MoV 1’FEI')] = f(.lf, y)EjZW(#DI+ PDE)'

Problem 4.26

(a) By direct substitution into Eq. (4-59) we obtain

No(t,2)] = [ [ (1,2 )~ 2 g

30 20
e / / E_ﬁmeyzjﬁ(f,Z)dfﬁiZ
oo oo
)

_ E?_'ﬂm: w0+p0

=1

where the third line follows from the sifting property of the impulse, Eq. (4-54). Because we used direct
substitution into Eq. (4-59), and this equation and Eq. (4-60) are a Fourier transform pair, it must follow

that the left side of the double arrow is the inverse transform of the right, that is, I [1] = 8(z,z).

(b) We solve this problem starting with the inverse Fourier transtorm
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e o0
= [5(;@31’)] = / / 8, v)e/?m M gy dy

/ / el + v sy \dpdv

;Zw(ﬂf + 0z)

where the third line follows from the sifting property of the impulse, Eq. (4-54). Because we used direct
substitution into Eq. (4-60), and this equation and Eq. (4-59) are a Fourier transform pair, it must follow

that the right side of the double arrow is the forward transiorm of the left, that 1s, ﬁ‘[l] = &8(¢,z2).

(¢) We solve the problem by direct substitution into Eq. (4-59):

e e
S|8(t — 15,2 — 25)| = / / 8t — 15,2 — 25 )e 2™ L3 grdz

/ / g 12T\ V) 5 (¢ _ 1o 7 — 7, )dtdz

o 12wl + 2

where the third step follows from the sifting property of the 2-D impulse, Eq. (4-55). Because we used
direct substitution into Eq. (4-59), and this equation and Eq. (4-60) are a Fourier transform pair, it must

follow that the left side of the double arrow 1s the 1nverse transtform of the right, that 1s,

S il | e, merm, )

We could have solved the problem directly using the results from Problem 4.25(b) by letting f =8, and

using the knowledge from (a) above that, when f =8, the Fourier transformis /= 1.

(e) By direct substitution into Eq. (4-59), and using Fuler’s formula to expand the cosine we obtain

_E.ﬂﬂ(.l’-"ﬂf + 72 ¥ E—fZ’JT(MGI + 92)
S| cos(2mpgt + 27v2)| = / / g 127\ V2 dy

/ / o127 (ol + oz —Jﬂﬂ(mwz)dtdz_'_ / / 27—l —902) —Jﬂﬂ(mwz)drdz

We recognize these two integrals as the Fourier transforms of exponentials, which we solved in part(d).
Using those results we obtain

1

Slcos(2mugt + 2mvez)| = E[S(M — o>V — V) + 8 + o, v + )|
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Because we used direct substitution into Eq. (4-59), and this equation and Eq. (4-60) are a Fourier

transform pair, it must follow that the left side of the double arrow 1s the inverse transtorm of the right, that

I 2[8(p — pg,v —vg) + (1 + o, + 1) |) = cos(2mpat + 27142).

Problem 4.27

(b) It is easier to show that the left side is the inverse DFT of the right. By substituting into Eq. (4-68) we
obtain,

=
=

-1 N-1

S_l I:F(H @)E—ﬁm(uxﬂ + Y, ] - 1 I:F —}ZW(HID + WY, ]EjZﬂ(ufo + oy N)
j MN 4

|_1':3'

=
N—

"Mi LM

2

L F (10,020 = /B2y yo YV
MN 555
= f(x —%p,¥ = ¥o)

Thus, we have shown that the left side of the double arrow 1s the inverse D] of the expression on the

right. Because we did this by direct substitution into Eq. (4-68), and this equation and Eq. (4-67) are a
Fourier transform pair, it must follow that the converse is true; that is that F(u,v)e /2mCodM+0/N) g the

forward Fourier transform of f(x— x;,y — v, ).

Problem 4.28
(a) We solve the problem by direct substitution into Eq. (4-67):

M-1N-1

6(_1; y) — 2 Z S(ij)e—jﬁw(ufo+ﬁyEN)

x=(} y=0
M-1N-1

_ 2 2 e fﬂﬂ(HIfM+ﬁny)6(ij)

x=0 y=0
— 12w (u[0)/M + [0} N)

=
=1

where the third step follows from the sifting property of the 2-D impulse, Eq. (4-58). Because we used
direct substitution into Eq. (4-67), and this equation and Eq. (4-68) are a Fourier transform pair, it must

follow that the left side of the double arrow is the IDFT of the right: I [1] = 8(x, y).

(b) We solve this problem by starting with the inverse DFT, Eq. (4-68):

M 1N-1
3§ [MNS(H @) 2 2 ﬁ(H @)Ejzfn(uﬂM+ﬁny)
u={} n=()
_ E;Ew(DﬂM + 0y/N)

=l
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where the second step follows from the sifting property of the 2-DD impulse, Eq. (4-58). Because we used
direct substitution into Eq. (4-68), and this equation and Eq. (4-67) are a Fourier transform pair, it must

follow that the right side of the double arrow is the DFT of the left: J[1|= MN&(x, y).

(d) We solve the problem by direct substitution into the inverse DFT, Eq. (4-68):

MNM —1N-1

MN 2 2 S(H Uy, U — @D)Eﬁﬂ(HﬂM+@yw)
x=0 y=0

—1/N-1

. F2aiux/M + vy/N)
2 2 (U —uy,v—1vg)
x=0 y=0

F2aiu, xiM + v piN)

THMNS(u—uy,v—vy)| =

= £

where the last step follows from the sifting property of the 2-D discrete impulse, Eq. (4-58). Because we
used direct substitution into Eq. (4-68), and this equation and Eq. (4-67) are a Fourier transform pair, it
must follow that the night side of the double arrow 18 the DFI of the left:

EUSI:Eij(u.jﬂM + ﬁgny)iI _ MN@(H — Uy, v — @D)'

We could have solved this problem directly with the result of Problem 4.27(a) by letting f(x,y)=1, and
recognizing that when f =1, then ¥ =38 (see part(b)).

(f) We solve this problem by direct substitution into the forward DFT, Eq. (4-67), and using Euler’s formula

to express the sine 1n terms of exponentials:

M-1N-1 _Efz’ﬂ(ﬁmf‘:/ﬂ’f*‘ vy N) . E—fZ’W(MOI/’M + V¥ N) 1 _
S| sin(2m pox/M + 2o y/N)| = z 2 . gi2mux/M + vy/N)
1 M-1N-1 1 ~1N-1
2 2 E}Z*}T(I_LDII’M+’1}DJJ/N) —f2m(ux/M + wy/N) 2 2 E;Zw( —pro X fM — vayfN) —;2«(1{fo+@ny)
2] =0 y=0 2] %2090
MN

[6(:4 — Uy, ¥ — Yy ) — (U + ty, v + @D)]

= M[S(H + Uy, v T+ ’UD) = 6(” — Uy, UV — @D)]

where the second step puts the expressions in the form of Fourier transtorms of exponentials. The results of

these transforms are given in the statement of part (d), as the third step shows.

Problem 4.30
(a) The period, P, of a function f(x) is such that fix+ P)= f(x) for all x. The period is 2 units (or 2

samples because in this case the samples are the numbers themselves and they are one unit apart each) (i.e.,

in this case it takes two samples to complete each period). The frequency is the reciprocal of 1/2 cycle/unit

or 1/2 cycle/sample or 1/2 period/sample.
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Problem 4.31

(a) Consider a 4-point sequence. If the sequence 1s even, 1ts values have to satisty

fO=f4, =3, f@D=r2) [fOG=rf1)
As we explained in Example 4.10, f(4) is out of range. Thus, it does not matter what its value is, and f(0)

can always be equal to it. However, note that the third term (this is the term at M/2 =2) requires that

f(2) = f(2). This is satisfied for any arbitrary number. This idea generalizes directly to any even value of
M.

Problem 4.32

(a) The symmetry of this sequence Is even, so the first element is arbitrary. In order to embed the sequence

in a field of Os, we set the first element to 0. The length of the sequence is 5 elements, so its center is at
M =2, which is the 3rd point in the sequence (remember, we start counting at 0). The center of a 1-D field

of 0's nine elements long is at 4, which is the 5th point from the left. Thus, the sequence to embed is now

{0, b, ¢, ¢, b} which, when embedded (with coinciding centers) in a field of 9 zeros, looks like Fig.

P4.32(a). The fact that that all paired elements have the same values proves that this is an even sequence.

As usual, the first element of an even sequence can have any value.

|||—'_T~1I|

O000bceb 00
L Center point of
both 1-D arrays
(a)
Figure P4.32
Problem 4.34
(a) To determine Iif the following array
0O 0 0 0 0 0
0O 0 0 0 0 0
0 0 -1 0 1 0
0 0 2 0 2 0
0 0 -1 01 0
0O 0 0 0 0 0

is odd we apply the definition in Eq. (4-81). The array is odd if
‘ZUG.(.X:,}’) = _WE(M - .XI,N - }“) = "—1{1"5.(6 - .II,6 - y)

for x,y=0,12,345 When (x,y)=(0,0), we have to test against —w,(6,6), which is outside the range

being examined, and could be any value, so the value of 20(0,0) is immaterial in the test for oddness. The
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same 18 true for all other terms in the first column or row of the array because one of the two coordinates is

0 there. Thus, all we have to do 1s test the preceding array for we can either test the above array for
X y=1,2.3.4.9, For example, when (x,y)=1(3,2), we have w,(3,2)=-2, and

w,(6-3,6-2)=w,(3,4)=2. In fact, if you compare all pairs you will find that
w,(x,y)=—w, (6 —x,6 — y), provided that you limit that values of the variables to x,y=1,2,3,4,5. So, the

array 18 Indeed odd. Note that when we are talking about even and odd arrays with this test, we are

referring both to the locations and values of the elements.

Problem 4.35

The following are proofs of some of the properties in Table 4.1. Proofs of the other properties are given in
Chapter 4. Recall that when we refer to a function as imaginary, its real part 1s zero. We use the term
complex to denote a function whose real and 1maginary parts are not zero. We prove only the forward part

the Fourier transtorm pairs. Similar techniques are used to prove the inverse part.

(a) Property 2: If f(x,y) is imaginary, f(x,y) < F ' (—u,—v)=—F(u,v). Because f(x,y) is imaginary, we

can express it as jg(x,y), where g(x,y) is a real function. Then the proof is as follows:

—

M-1N-1
F'(-u—2)= z z i (2, el 2 Moy/N)
| x=0 y=0 1
M-1N-1
B 2 —jg(x, y)e /2P MADYIN)
x=0 y=0
M-1N-1
}g(.lf y) —}2E(HIfM+’1}ny)
x=0 y=0
M-1N-1
— f(.lf y)g—jzx(ufo+ﬁyIN)
x=0 y=0
= —Flu,v)

(b) Property 4: If f(x,y) is imaginary, then R(w,v) is odd and I{u,v) is even.

Proof: I 1s complex, so 1t can be expressed as

F(u,v) = real| F(u,v)| + jimag|F(u,v)]
= R(u,v)+ jl{u,v).

Then, —F(u,v)=-R(u,v)— jI{u,v), and F (-u,—v) = R(—u,—v)—j I{(—u,—v). But, because f(x,y) Is
imaginary, F'(—u,—v) =—F(u,v) (see Property 2). It then follows from the previous two equations that

R(u,v) =—R(-u,—v) (i.e.,Ris odd) and I(u,v) = [{—u,—v) (I iseven).
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(d) Property 7: When f(x,y) is complex, f (x,y) <> F*(—u,—v ).
Proof:

M =1 N=1

S|y |= X X F (a,yje 2ty

x=0 y=0

 M-1N-1
Z 2 f(.lf y)E_IZfr(HIfM+‘U}’fN)

| x=0 y=0

7

= F (—u,—v).

Problem 4.36

(a) The average value of the original image 1s

& | MAN-
f(-xay)=_ f('xay)
MN x=0 y=0
and, for the padded image,
P-10-1
f( y)__ZEfF( !'y)
I 0 y=0
1 M-1N-1
2 Y flx,y)
x=0 y=0
MN—

=—f(x y)

where the second step 1s result of the fact that the image 1s padded with Us. Thus, the ratio of the average
values 1s

R=L12
MN

T'he ratio increases as a function of P, indicating that the average value of the padded 1image decreases as

a function of PQ). This 1s as expected; padding an image with zeros decreases 1ts average value.

Problem 4.38

(b) Unlike part (a) where we substituted into the DFT, it is easier here to substitute the definition of the
convolution, F(u,v )% H(u,v), directly into the IDFT:
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3| S H)w0) | - 4[%1?(%@)*}1(%@)} = ;Nz[ﬁm ) x Hiu) [t

M-1N-1[ M-1N-1

— ﬁuzﬂ A F;DF;}F(W H)H(H "M, v — H) F2miuxiM+oy/N)
1 1
M

M-1N-1 | M-1N-1 |
=—Nm=m§3F(m,n)mga ;} H(u—m,@—n)eﬁ’r{mmwym)
1N-1
JN%F;}F(HI H)E_:_;Zm:ume+ﬁH;’N)h(x y)
= flx,y)h(x,y)
=(feh)(x,y)

where the fourth step follows from the translation property (see Problem 4.27). Because we showed the
preceding by substituting into the IDFT, and the DFI and IDEFT are a transform pair, then the reverse, 1.e.,
that (F % H)(u,v) is the DFT of ( feh)(x, y), must be true also.

Problem 4.39

(a) We solve this problem by substituting the definition of correlation from Table 4.3 directly into the DEFT,
Eq. (4-67)

M-1N-1

S[f(x )t h(x, )] = D D, Flx,y) # h(x, y)e ety

x=0 y=0

S[(f#h)(x,y)]

MAN-1[ M-1N-1

= Y Y f(mn)h(x +m, y+n) E_ﬁ”(”‘ﬂM“’W)

x=0 y=0 | m=0 p=0
-1

M-1N-1

= f(m, H)Z 2 hx+m,y +H)E_I2’C(HI’FM+W’W)
m=0 n=0 x=0 y=0

— ]c(mjﬂ)EjZfr(umx’M+vﬂfN)H(Hj@)

( JVH (u,v)
= (F'« H)(u,v)

where the fourth step follows from the translation property (see Problem 4.27). Because we showed the

preceding by substituting into the DFT, and the DEF1 and IDEFT are a transtorm pair, then the reverse, 1.e.,
that (x,y)*h(x,y) is the IDFT of F (u,v)H (u,v), must be true also.

Problem 4.40

We begin with one variable:

ﬁ[df(Z)} = df(z)ﬂ ;ZEvde
dz W7

Integration by parts has the following general form
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jsdw = S — jwds

Let s =e ™ and w = f(z). Then, dw/dz = df(z)/dz or

di;(z) az and ds = (—j27v)e 7#™dz
o

dw =

so 1t follows that

ﬁ[df(z)]= mi(z)e_ﬁﬂzdz
dz o H

= fR)e ™~ [T ()= j2ave

= (j2av)|_ f(2)e "™z
(j270)F(v)

because f(xw)=0 by assumption (see Table 4.4). Consider next the second derivative. Define

g(z) = df(z)/dz. Then,

i‘é[dg(z)} = (272G (V)
az

where G(v) is the Fourier transform of g(z). But g(z)=df(z)/dz, so G(v)=(j2#v)F(v), and

D _ jompp(v)
dz

(ol

Continuing 1n this manner would result in the expression

TI@) | (jomvy (v
dz

ol

If we now go to 2-D and take the derivative of only one variable, we would get the same result as in the

preceding expression, but we have to use partial derivatives to indicate the variable to which differentiation

applies and, instead of F(u), we would have F(u,rv). Thus,

D | oy ()
0z

ol

Define g(t,z) = aﬂf(r,z)/at” . Then,
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9"g(t,z)
ot™

(ol

= (J2mu)" G, v)

But G(u,v) is the transform of g(t,z)=0"f(t,z)fot", which we know is equal to (j2zu)"F(u,v).
Therefore, we have established that

Lol

ot ) \oz

[ - )m [ET ! (faZ)_ = (j2mu)" (j2zv)" F(u,v)

Because the Fourier transform is unique, we know that the inverse transform of the right of this equation
would give the left, so the equation constitutes a Fourier transform pair (keep in mind that we are dealing

with continuous variables).

Problem 4.42

Unless all borders on of an 1image are black, padding the image with Os introduces significant discontinuities
(edges) at one or more borders of the image. These can be strong horizontal and vertical edges. These sharp
intensity transitions in the spatial domain introduce strong high-frequency components along the vertical

and horizontal axes of the spectrum.

Problem 4.44

The Fourier transform of the original image can be expressed in polar form as F(u,v) = |F{u,v)|e’ #wv) The
transform of the image in Fig. 4.34(b) is |F(u,v)|e™ ?02) (i e., the phase angle in this image is the negative of
the phase angle in the original). But this is the complex conjugate, F (u,v). According to property 5 in

Table 4.1, the inverse transform of F (u,v) is f(—x,—y), which is precisely the image in Fig. 4.34(b).

Problem 4.45
(ﬂ) g(-xay) = _f(-xay)'

Problem 4.47

(a) The spatial average (excluding the center term) is

(6, y) = [y + 1)+ flr+ 1)+ fle=1y)+ fx,y=1)

From property 3 in Table 4.4,

G(M,’U) _ %[EjZEMN + o2l M n i 2mulM + E—jZmIN]F(Mj@)

= H(u,v)Flu,v)
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where

Huw)= %[ms@m/ M) + cos(2v/ N)|

i1s the filter transfer function in the frequency domain.

(b) To see that this is a lowpass filter transfer function, consider its values in the range [-M/2,M/2]. The

function assumes its highest value at the origin and decreases on either side of it, so i1t passes the dc term

and low frequencies, and suppresses higher frequencies. Thus, 1t acts as a lowpass filter transter function.

Problem 4.48

We want to show that
-1 [AE—(;RH?)&.:F ] . Azjm_ze—zﬁui(zhf)_

The explanation will be clearer if we start with one variable. We want to show that, if

H(p)=e* %%

then

h(e) = 37 [H(w)]
— Jm E—#EHZJZEjZﬂ;Edﬂ

= ,\‘QR.G.—ZEQD'ZIE

We can express the integral in the preceding equations as

o 20° du

" e
Making use of the 1dentity

(2xY o’tt (2x) ottt
e 2 e 2 =1

in the preceding integral yields
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20 SO S [ TP L SRy e R
Wiy=e * [ e 4l

2 dir

(ZE)EJZIE 1 o )
_ 2 Jm E—?[,u j2mot]

Next, we make the change of variables r = uw— j27o”t. Then, dr = du and the preceding integral becomes

Q2ry o’ o
hity=e 2 j e 20 dr

Finally, we multiply and divide the right side of this equation by 427¢ and obtain

J 27y ot 1 ) _%
hit) = 2moe 2 e 20 dr
() JZEJI“

The expression inside the brackets 1s recognized as the Gaussian probability density function whose value from —oo

to o 18 1. Therefore,

W) = 2roe? ot

With the preceding results as background, we are now ready to show that

h(f,Z) %—1 I:AE?_('HEJFVZFZHZ}

= AQR.GZE—ZEZJQ(EE+EE)

By substituting directly into the defmnition of the inverse Fourier transform we have:

h(f,Z) _ j: j: AE—(I,HE + VZ)HEJEEJFEE(,{E+ w’r)dﬂdl’

2

5 4 {_FJF jZ;ﬂr;:I] {—%+ j ZFIFEJ
= j j Ae dule dv

The mtegral mside the brackets 1s recognized from the previous discussion to be equal to A\IQFIJE_ZEED%E. Then,

the preceding integral becomes

+}'2;wz]

hit,z) = A2roe 7ot r E{ e dv

27257

We recognize the remaining integral to be equal to +27oe , from which we have the final result:
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hit,z)= (A\,/QHCTE_EEEEEIE )(\/ 2roe T ”2‘32)

= Adpgle 27 o 2

Problem 4.49

(a) One application of the filter gives

Glu,v) = H{u,v)F(u,v)

_ oD (uw)y2Dg F(u,v)

Similarly, K applications of the filter would give

GK (M,’U) s E—KD%H,@)IZD@?F(M’@)

The inverse DIFT of G (u,v) would give the image resulting from K passes of the Gaussian filter. If K is

“large enough,” the Gaussian LPF will become a notch pass filter, passing only F(0,0). We know that this

term 1s equal to the average value of the 1image. So, there 1s a value of K after which the result of repeated
lowpass filtering will simply produce a constant image. '['he value of all pixels in this image will be equal to

the average value of the original image. Note that the answer applies even as K approaches infinity. In this

case the filter will approach an impulse at the origin, and this would still give us F(0,0) as the result of

filtering.

Problem 4.52
(b) Generate a P x(Q array centered on [P/2,0/2]:

Huv)=-4r(lu-P/2F +[v-Q/2])

foru=0,1,2,...,P-1 and v=0,1,2,...,0 -1 where P and Q are sizes to which the input image 1s padded

prior to filtering. Then use H{wu,v) as any other filter transfer function.

Problem 4.53

The answer 1s no. The Fourier transform 1s a linear process, while the square and square roots involved in
computing the gradient are nonlinear operations. The Fourier transform could be used to compute the
derivatives as differences (as in Problem 4.50), but the squares and square root values, must be computed

directly in the spatial domain.
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Problem 4.56
Hyp=1-Hyp
1

1+ [D(u,0)/D, [
__[D@vy/D,
1+ [D@,v)/D, |

1

1 " | D(u,v)/ D, |

[D(u,v)/Dy " [D(u,0)/D, |
1

" 1+[D, /D)

Problem 4.57

(a) The ring in fact has a dark center area as a result of the highpass operation only (the following image
shows the result of highpass filtering only). However, the dark center area is averaged out by the lowpass
filter. The reason the final result looks so bright is that the discontinuity (edge) on boundaries of the ring
are much higher than anywhere else in the image, thus dominating the display of the result.

Figure P4.57

Problem 4.59

(a) Express filtering as convolution to reduce all processes to the spatial domain.

g(x,y) =h(x,y) % f(x,y)

where A is the spatial filter (inverse Fourier transform of the frequency-domain filter) and f is the input
image. Histogram processing this result yields
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g'(x,y)=T|glx,y)]
=T |h(x,y)* f(x,y)]

where 1 denotes the histogram equalization transtormation. If we histogram equalize first, then

glx,y)=T|f(x,y)]

and

g'(x,y)=h(x,y)*T|f(x,y)]

In general, 1" 1s a nonlinear function determined by the nature of the pixels in the image from which 1t 1s

computed. Thus, in general, T|A(x,y)* f(x,v)|# h(x,y)* T | f(x,y)| and the order does matter.

Problem 4.63
Because M = 2", we can write Eqs. (4-171) and (4-172) as

m(n) = %Mn and a(n)=Mn

Proof by induction begins by showing that both equations hold for n=1:

Ty %(2)(1) 1 andl o) = ()=

We know these results to be correct from the discussion 1n Section 4.11. Next, we assume that the equations

hold for n. Then, we are required to prove that they hold also for n + 1. From Eq. (4-169),

m(n+1)=2mn)+2"

Substituting for m(n) from above,

m(n+1)= QE%MH] + 27
= 2[12”11] + 2"
2

=2"(n+1)

= %(2””)(;1 +1)

Therefore, Eq. (4-171) is valid for all n 2 1.
From Eq. (4-170),
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a(n+1)=2aln)+2™"

Substituting the expression above for a(n) yields

a(n+1)=2Mn + 2!
=2(2"n) + 2™
=2"n+1)

Therefore, Eq. (4-172) is valid for all n# = 1. This completes the proof.
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1 Introduction

1.1 Background

This manual contains solutions to the problems marked with an asterisk (*) in Digital Image Processing,

(Global Edition, 4th Edition.

1.2 The Book Website

Digital Image Processing 1s a completely self-contained book. However, the companion website offers
additional support in a number of important areas. The URL of the site 1s

www.dmageProcessingPlace.com

tor Students or Independent Reader the site contains

= Reviews in areas such as probability, statistics, vectors, and matrices.
= A Tutorials section containing dozens of tutorials on topics relevant to the material in the book.

= An image database containing all the images in the book, as well as many other image databases.

For Instructors the site contains

= An Instructor’s Manual with complete solutions to all the problems in the book.

= 'The manual 1s available free of charge to instructors who have adopted the book for classroom use.

= (lassroom presentation materials in PowerPoint format.
= Material removed from previous editions, downloadable in convenient PDI format.

=  Numerous inks to other educational resources.

or the Practitioner the site contains additional specialized topics such as
= Links to commercial sites.
=  Selected new references.

=  Links to commercial image databases.

The website 1s an 1deal tool for keeping the book current between editions by including new topics, digital
images, and other relevant material that has appeared after the book was published. Although considerable
care was taken in the production of the book, the website 1s also a convenient repository for any errors

discovered between printings.

1.3 The DIP4E Support Packages

In this edition, we created support packages tor students and faculty to organize all the classroom support

materials available for the new edition of the book into one easy download. The Student Support Package

contains most of the original 1images in the book and answers to homework problems marked with as

asterisk (*) in the book. The Faculty Support Package contains solutions to all exercises, teaching

suggestions, and all the art in the book 1n modifiable PowerPoint slides. One support package 1s made
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avallable with every new book, free of charge. Applications for the support packages are submitted at the

book website.
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(b)

(c)

Problem 5.5

The solutions are as shown in the following figures. The student has two options: (1) give a brief word
description that matches the salient differences between these images and the original image given in the
problem statement, or (2) provide the solution images directly,
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(0)

(c)

Figure 5.7
The solutions are as shown in the following figures. The student has two options: (1) give a brief word

description that matches the salient differences between these images and the original image given in the
problem statement, or (2) provide the solution 1mages directly.
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(b)

(c)

Problem 59

The solutions are as shown in the following figures. The student has two options: (1) give a brief word
description that matches the salient differences between these images and the original image given 1n the
problem statement, or (2) provide the solution images directly.
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(D)

Problem 5.10

The key to understanding the behavior of the contra-harmonic filter is to think of the pixels in the

neighborhood surrounding a noise impulse as being constant, with the impulse noise point being in the
center of the neighborhood. For the noise spike to be visible, its value must be considerably larger than the
value of its neighbors. Also keep in mind that the power in the numerator is 1 plus the power in the
denominator.

(a) By definition, salt noise is a low value (really 0). Itis most visible when surrounded by light values. The
center pixel (the pepper noise) will have little influence in the sums. If the area spanned by the filter is
approximately constant, the ratio will approach the value of the pixels in the neighborhood —thus reducing

the effect of the low-value pixel For example, here are some values of the filter for a dark point of value 1
ina 3x 3 region with pixels of value 100: For Q= 0.5, filter = 98.78; for @ =1.0, filter = 99.88, for 0 =2.0,

filter = 99.99; and for @ = 5.0, filter = 100.00.
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(¢) When the wrong polarity 1s used, the large numbers in the case of the salt noise will be raised to a
positive power, thus the noise will overpower the result. For salt noise the image will become very light. The

opposite 1s true for pepper noise — the image will become dark.

Problem 5.12
(a) Setting 4 = 0 in Eq. (5-29) yields

== 3 galrc)

(maﬂ)ESxy

where, because d = 0, and the alpha-trim filter deletes the lowest d/2 and the highest d/2 intensity values.

gr(r,c) represents all the pixels in neighborhood S,- Lhis is the definition of the arithmetic mean filter

given in Eq. (5-23).

Problem 5.13

Bandpass filter transter functions are obtained by subtracting the corresponding bandreject functions from

1:

Hyp(u,v)=1 — Hggp(u,v)

(b) Gaussian bandpass filter transier function.

_{Dz(u;&r) A T
Huvi=1-|1-c¢ DELEW

o D (uw) — Cg i
D)W
=g

Problem 5.14

The general form of a notch filter transfer function with {J notch pairs 1s

&
Hyg (u,v) = ng(“a@)H_k(“ﬂ@)

where H, (u,v) and H . (u,v) are highpass filter transfer functions with centers at (x,,v, ) and (—u,,—v, ),

respectively.

(a) An i1deal notch filter transter function has the torm shown above, with
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if D, (u,v) £ D,

0
H =
¢ (24,0) {1 it D, (u,2) > D,

[0 if D_,(u,v) < D,
H_(u,v)= {1 if D (u,v) > D,
where
D, (u,v)= [(H - M2 -u,)" +(v-NJ2 _@k)z]m
and
D, (uw)= [(H - M[2+u )* + (v~ N[2 + @k)z]m
Problem 5.16

(a) The plot would be an integer number of complete periods of the sine wave.

(b) A pair of pure conjugate impulses located at u, and —u,.

Problem 5.17
From Eq. (5-46),

o2(x,y) = #2{[8’(’?) - wn(y)] - [§ - wi]}

where, to simplity the notation we used “y ” to denote the terms affected by the summation. Letting

K = 1/mn, taking the partial derivative of o with respect to w and setting the result equal to zero gives

——=KY 2[g(y) - wn(y) - T + wi[-n(y) + 7]=0
=K —g(y)n(y) + gy + wi'(y) — wn(y)G + gn(y) — 0 — wim(y) + wiy’
=—gn + g0+ wy’ - WF + §G - g7 - Wi + wF

=—gn + g7 +wln® —7)=0

where, for example, we used the fact that

— ¥ g(rn(v) = g7

Solving for w gives us
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which agrees with Eq. (5-48).

Problem 5.19
(a) The system transfer function 1s the Fourier transform of the impulse response. From entries 3 and & in
Table 4.4,

H(L{,’U) = % 6(_1; —a,y — b)} = 1€—f2w(uajﬂf1 + vh{M )

(b) The input in the frequency domainis F(u,v)= J-K}|= K8(u,»), and the output is

Glu,v) = H{uv)F(u,v)
_ E—jZﬂ(uan + ﬁbe)KS(uj@)
— KS(H,’EJ)E_jZﬂ(”a',M + nbfM)

From entry 3 in Table 4.4, the output in the spatial domain 1s

g(.l:,y) 2 rr;:«JF—l . Kﬁ(uj@)e—ﬁw(z{ajﬂi + ’EJ'E?/M)} — K

Problem 5.20
The solution to Problem 5.19(b) using Eq. (5-61) directly is as follows:

o(x,y) = f f FleB)(x -,y — B)dadB

=/ / Ké(x—a—oa,y—-b—B)dadf
=K

because K is independent of a, b, «, and . This agrees with the solution in Problem 5.19(b). Similarly, the

solution to Problem 5.19(c) is

glx,y)= / / fla,B)a(x — o,y — B)dadf3

=/ / Sla, B)d(x —a—a,y— b — B)dadf3

=d(—-x+a,—y+b)
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because d(x—a—-a,y—b—8) 138 0 unless x —a=—-a and y—b=—-8. The above solution agrees with the

solution to Problem 5.19(c) because 6(—x +a,—y+b)=8(x —a,y—b) (see Problem 4.1(c)).

Problem 5.21
From Eq. (5-61),

o(x,y) = / f Pl B -,y — B)dadB

It is given that f(x,y)=38x—a), so fl(a,B8)=38(ac—a). Then, using the impulse response given in the

problem statement,

g(x,y) = / / S{a — a)e_[(x_a)z & _ﬂﬂdmdﬁ

= / / 5(&—&)8_[(1_@2}8_

/ ﬁ(a—a)e_[(x_ﬂﬂdm / E:_[(y_ﬂﬂdﬁ

o

] / NCa AR

[(y-8Y | o,

where we used the fact that the integral of the impulse 1s nonzero only when « = a. Next, we note that

/ N E—[(}’—ﬁ)i }fiB _ / ” E—[(E—y)ﬂdB

which is in the form of a constant times a Gaussian density with variance o*=1/2 or standard deviation

& = 1/ \E . In other words,

1 E—“/mrfl}ﬁﬂ
J27(1/2)

Pa s P e Y

The quantity inside the square brackets 1s a (Gaussian density, and we know that its integral from minus to
plus infinity 1s 1 so we have that

¢(x,y) = Jme 1

which 1s a blurred version of the original image. This 1s what we would expect because the impulse response

of the system 1s 1n the form of a lowpass filter transfer function.

Problem 5.24

(a) Blurring would be in the negative x-direction (up in the picture) and positive y-direction (to the right),

as Fig. P5.24(a) shows.
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Figure P0524(a)

Problem 5.25

Following the image coordinate convention in the book, vertical motion is in the x-direction and horizontal

motion 1s in the y-direction. Then, the components of motion are as follows:

L 02 #<P
xo(£) = atf{T] 1
a T\ T + 1
and
0 i TS A

yﬂ(r)zﬂb(f;ﬂ) Ti < 35314_}"1
1

Then, substituting these components of motion into Eq. (5-74) vields

1 n+4
H(u,v) = f e—j?.:r[uuffl"l]df % f E—jzr[uﬂ; + ﬂb(z-lefTZ]dr
0 7

1

%

THA .

—jrob

T - - Tl D obrfT2
=—L sin(mua)e™ ™" + I | gL gy
THA 0
i S _ g e
= —Lsin(rua)e”’™" + e '™ ——sin(mrvb)e
TUA 7vb

T, - G e o
= ——gin(mua)e” ™ + eI / & RBERE a4y
T

where 1n the third line we made the change of variables 7 = f—7;. The blurred image 1s then

g(x, y) = S { H(w,2)F(u,2)

where F(u,v) is the Fourier transform of the input image.
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Problem 5.27
From Eq. (5-74),

Using Fuler’s formula we obtain

T T
/ g e gy =/ [cms(qmatz)—jsin(imarz)]dt
0 0

=\/ ) | C(Nmual) - jS(mual)]

drrual”

where the forms

&
C(z)=/ costdt
0

4
S(z)=f sint?dt
0

are Fresnel cosine and sine integrals. They can be found, for example, the Handbook of Mathematical

and

Functions, by Abramowitz, or other similar reference.

Problem 5.29

Measure the average value of the background. Set all pixels in the 1image, except the cross hairs, to that

intensity value. Denote the Fourier transform of this image by G(u,v). Because the characteristics of the

cross hairs are given with a high degree of accuracy, we can construct an image of the background (of the

same size) using the background intensity levels determined previously. We then construct a model of the
cross hairs in the correct location (determined from the given image) using the dimensions provided and

intensity level of the cross hairs. Denote by F(u,v) the Fourier transform of this new image . The ratio
G(u,v)/F(u,v) is an estimate of the blurring function H(u,»). In the likely event of vanishing values in
F(u,v), we can construct a radially-limited filter using the method discussed in connection with Fig. 5.27.

Because we know F(u,v) and G{(u,v), and an estimate of H(u,v), we can refine our estimate of the

blurring function by substituting G and H in Eq. (5-85) and adjusting K to get as close as possible to a good

result for F(u,v) (the result can be evaluated visually by taking the inverse Fourier transform). The

resulting filter in either case can then be used to deblur the image of the heart, if desired.
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Problem 5.32

T'his 1s a simple plug in problem. Its purpose 1s to gain familiarity with the various terms of the Wiener filter.

From Eq. (5-81),

1 |H( |
(u,v) ‘H ‘2

I Huv)H(u, )
H(u@)‘ (u, ‘2

__ H(uw)
‘H(u,@)‘z + K

HW(M,‘U)=

because H(u,v) isreal. Then, using the results from Problem 5.31,

IH(L{,’U)F = H (u,0)H (u,v)

= H*(u,)
_ 64’3?' (HZ + 1}2 )28—4w20'2(u2 + %)
and
. 2y D2mtat (utvt)
i, e 7to (u + 7 )e _
[64¢r Yu? 4 2 Retne @ ”*)] + K
Problem 5.36

Because the system is assumed linear and position invariant, it follows that Eq. (5-63) holds. Furthermore,

we can use superposition (additivity, as discussed in Section 2.6) and obtain the response of the system first

to F{u,v) and then to N(u,v) because we know that the image and noise are uncorrelated. The sum of the

two individual responses then gives the complete response. First, using only F(u,v),

G(u,v) = H{u,v)F(u,v)
and

‘Gl(u,@)‘z = ‘H(u,@)‘z ‘F(u,@)‘z

Then, using only N(u,v),
G,(u,v) = N(u,v)
and

‘GZ(M,‘U)‘Z = ‘N(Mj@)‘z
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soO that

‘G(u,@)‘z = Gl(u,ﬁ:;)‘z + ‘Gz(u,@)
= H(u,@)‘Z‘F(u,@)F + N(M,’Eﬂ)‘

Problem 5.37

(a) It 1s given that

-, 2- 2 2
‘F(u,@)‘ = ‘R(u,@)‘ ‘G(u,@)‘
Because the image and noise are uncorrelated, it follows from Problem 5.36 that

) =R |H@of [Faof + [N@w)f |

Forcing ‘13 (u,@)r to equal ‘F (u,@)‘z gives

_ ‘F(M!"U)‘z 712

R(u,v) = 5 . ;
_‘H(u,’u)‘ ‘F(u,*u)‘ 4 ‘N(u,’u)‘ |

Problem 5.39

T'he basic 1dea behind this problem 1s to use the camera and representative coins to model the degradation

process and then utilize the results in an inverse filter operation. The principal steps are as follows:

(1) Select coins as close as possible in size and content as the lost coins. Select a background that

approximates the texture and brightness of the photos of the lost coins.

(2) Set up the museum photographic camera in a geometry as close as possible to give images that resemble
the images of the lost coins (this includes paying attention to illumination). Obtain a few test photos. To
simplify experimentation, obtain a 'I'V camera capable of giving images that resemble the test photos. This
can be done by connecting the camera to an image processing system and generating digital images, which

will be used 1n the experiment.
(3) Obtain sets of images of each coin with different lens settings. The resulting images should approximate
the aspect angle, size (in relation to the area occupied by the background), and blur of the photos of the lost

COI1NS.

(4) The lens setting for each image in (3) is a model of the blurring process for the corresponding image of a

lost coin. For each such setting, remove the coin and background and replace them with a small, bright dot
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on a uniform background, or other mechanism to approximate an impulse of light. Digitize the impulse. Its

Fourier transform is the transfer function of the blurring process, H(w,2).

(5) Digitize each (blurred) photo of a lost coin, and obtain its Fourier transform. At this point, we have

G(u,v) for each coin.

(6) Obtain an approximation to F(x,2) by using a Wiener filter. Equation (5-85) is particularly attractive

because it gives an additional degree of freedom (X ) for experimenting.

(7) The inverse Fourier transform of each approximation F(u,%) gives the restored image for a coin. In

general, several experimental passes of these basic steps with various different settings and parameters are

required to obtain acceptable results in a problem such as this.

Problem 5.41

Figure P5 41 shows the solution. To see why the Radon transform of an image containing a single point in
the center is a straight line, refer to Figs. 5.36, 5.37, and Eq. (5-101). This equation tells us that we compute
the Radon transform by, for every angle 6, varying p to find the sum across the image along line L{#,p).

But, for the given image, and any angle f, the only line that will contain the single point is the line for
which p = ﬁﬂf/Z (the point is located half-way on the diagonal of the square image). Furthermore, the
sum for any value of ¢ will be the same an equal to the intensity of the point. Therefore, the Radon
transform will be an image of a straight line of constant intensity located at p = 2M /2 as shown 1n the

figure.

2 V2M
>

M

Figure P5.41

Problem 5.42

We know from Fig. 5.38 what the cross section of a solid white disk looks like. Inserting an inner black disk
reduces the values of the sum in the Radon transform in that area. Thus, the values of the cross section

corresponding to the small black area are reduced, as Fig. P35 .42 shows.
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Figure P3.42

Problem 5.44
(@) From Egq. (5-102),

W)} = elp )= | | flmy)azecst + yeind - ot

e e
=f f &(x,y¥(xcosd + ysind — p)dxdy
=0 S

(] e

=ff 1% 80 — pidxdy
= JI

!

1fp=0
o otherwise

vwhich 1s the equation of a vertical ine through the origin of the géd-plane.

Problem 5.45

(@) From Section 2.6, we know that an operator, ¥, is inear if Hiaf, + Of,) = aH#(f) + IH(f,). From the
definition of the Radon transform, Eq. (5-102),

Hiaf, + bf2)=f [ (af, + Of, )¥(xcos? + ysind — p)dxdy
= uf f fHélxcostd + yaind — p)dxdy

+ b] f Eé(xcost + ysind — p¥dxdy
= H(afy) + DA(S)

thus showiang that the Radontransform is a linear operator.
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(¢) We know from Chapter 4 that the convolution of two functions f and # 1s defined as

o(x,y) = Fx, y) R h(x, ) / / FlaB)h(x — vy — B)dad

We want to show that R{c}=0-fl*NR{h}, where N denotes the Radon transform. We do this by

substituting the convolution expression into Eq. (5-102). That is,

wep=[ [ | | fashc - ay - piads

X d(xcosf + ysinf — pldxdy

Rearranging terms we obtain

%{C}=/ﬂ/g fla,B) // hx — a,y — B)3(xcosh + ysind — p)dxdy |dadf

Sl g o

where we used the subscripts in the integrals for clarity between the integrals and their variables. All

integrals are understood to be between —oo . Working with the integrals inside the brackets with

x'=x—a and ¥y = y— [ we have

/ / hix — a,y — B)d(xcosh + ysinf — pldxdy

* e
=/ / A(x',y')6(x" cosh + y’'sinfl — [p — acosh — Bsin)dx’'dy’
xSy

=N {h}(p — acosh — Bsind, )

We recognize the second integral as being the Radon transform of #, but, instead of being a function of p
and é, 1t 1s a function of p — acosf — Bsinf and #. The notation in the last line of the previous equation

1s used to indicate “the Radon transform of / as functionof p — acosf — Bsin# and 6.7 Then,

ER{C}=// fla,B) // hix — a,y — B)d(xcosf + ysiné — pldxdy |dad3
a Jj

| ik el o

// flea,B3R{h}(p — p',0)dadp
o« Jp

where p’ = acosfl + Bsinf. Then, based on the properties of the impulse, we can write,
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%{h}(p—p’,ﬂ):/ N{hl(p—p’,0)8(xcosh + ysinh — p')dp’
o

Then,

ER{C}=// fla.B)[%(p-p’, 0)|dadp
o Jp

=// fla,B) / N{h(p—p', 0)8(acoshd + Bsind — p')dp’ |dad
a 8 !

fi

/ / flo,B)d(excosh + Bsinf — p' ldadf3 |dp’
a vj

- [ ®lo-p0

= / Rihflp—p 0)R{f H{p", 0)dp’ = / R 1’ 0 4R 1 (p - p’, 6)dp’
=R{fIxR{n}

where the fourth step follows from the definition of the Radon transtorm and the fifth step follows from the
definition of convolution. This completes the proof.

Problem 5.47

The argument of function s in Eq. (5-122) may be written as

rcos(B+a—¢)— Dsina=rcos(B—¢)cosa—|rsin(B8—¢)+ D|sina

From Fig. 5.47,

Rcosa’ = K+ rsin(8 — ¢)
Rsina’ =rcos(B—¢)

Then, substituting in the earlier expression,

rcos(B+a—¢)— Dsina = Rsina’cosae — Rcosa’sina
= R(sina’cosar — cosa’ sin o)

= Rsin(o/ — o)

which agrees with Eq. (5-125).
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Chapter 6

Problem Solutions

Problem 6.2

Denote by ¢ the given color, and let its coordinates be denoted by (x,, v, ). The distance between ¢ and ¢, is

dese)) =[x =50 + o=n V]

Similarly, the distance between ¢; and ¢, 1s

d(eycp) = [(3‘:1 =%, ) + (% - J’z)z:llﬁ

The percentage p, of ¢; 1nc1s

_ dley,¢)—dle,cy)
d(ey.¢5)

The percentage p, of inc, 1s then p, =100 — p,. In the preceding equation we see, for example, that when

P 100

c=c¢, dlc,cy)=d(c,cq)=0, and it follows that p, =100 - p;, =0%. Similarly, when d(c,c,)=d(c,c, ), it
follows that p;,=0% and p,=100%. Values in between are easily seen to follow from this simple

equation.

Problem 6.4

Use color filters that are tuned to the wavelengths of the colors of the three objects. With a specific filter in
place, only the objects whose color corresponds to that wavelength will produce a significant response on
the monochrome camera. A motorized filter wheel can be used to control filter position from a computer. 1t

one of the colors 1s white, then the response of the three filters will be approximately equal and high. If one

of the colors 1s black, the response of the three filters will be approximately equal and low.

Problem 6.6

For the image given, the maximum intensity and saturation requirement means that the RGbB component
values are 0 or 1. We can create Table P6.6 with 0 and 255 representing black and white, respectively. Thus,

we get the monochrome displays shown 1n Fig. P6.6.

Table P6.6
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Color A G B MonoR MonoG MonoB
Black 0 0 0 0 0 0
Red 1 0 0 255 0 0
Yellow 1 1 0 295 299 0
Green 0 1 0 0 255 0
Cyan 0 1 1 0 255 299
Blue 0 0 1 0 0 255
Magenta 1 0 1 299 0 209
White 1 1 1 255 255 255
Gray 0.5 05 0S5 128 128 128

Red Component

Problem 6.8

Green Component

Figure P6.6

Blue Component

(a) All pixel values in the Red image are 255. In the Green image, the first column is all 0’s; the second
column all 1’s; and so on until the last column, which is composed of all 255’s. In the Blue image, the first row is
all 255’s; the second row all 254’s, and so on until the last row which is composed of all 0’s.

Problem 6.9

(a) For the image in Problem 6.6, the maximum intensity and saturation requirement means that the RGB
component values are 0 or 1. Based on this, we can create Table P6.9 using Eq. (7-5), where we assumed 8-
bit images, in which 1 maps to 255 (white) and 0 maps to 0 (black), and 0.5 maps to 128 (or 127, depending
on how you round fractions). A monochrome monitor has a single input, so we can only feed one of the
three CMY channels at a time. Thus, we get the monochrome displays shown in Fig. P6.9 from left to right

for each of these three components.
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Color R G B C M Y MonoC MonoM MonoY
Black 0 0 0 1 1 1 255 250 255
Red 1 0 0 0 1 1 0 255 255
Yellow 1 1 0 0 0 1 0 0 255
Green 0 1 0 1 0 1 255 0 295
Cyan 0 1 1 0 0 255 0 0
Blue 0 0 1 1 1 0 299 255 0
Magenta 1 0 1 0 1 0 0 255 0
White 1 1 1 0 0 0 0 0 0
Gray 3 05 05 05 0.5 U5 128 128 128

Cyan Component

Problem 6.10

Magenta Component

Figure P6.9

Yellow Component

Fig

Using Egs. (7-16) through (7-19), we get the results in Table P6.10. Based on Eq. (7-16), we see that hue is

undefined when R =G = B because 6 = cos '(0/0). In addition, saturation is undefined when R = G = B =

0 because Eq. (7-18) yields §=1-(3/0)[min(0,0,0) =1—-(0/0). Thus, we get the monochrome display

shown in Fig. P6.10.

Table P6.10
Color R G B i, 8 I Mono H MonoS Mono [
Black 0 0 0 —~ 0 0 —~ - 0
Red | 0 0 0 ' B.33 0 230 85
Yellow 1 1 0 0.17 0.67 43 295 170
Green 0 1 0 033 1 033 85 255 85
Cyan 0 1 1 o 1 067 128 295 170
Blue 0 0 ] 067 1 0.33 170 255 85
Magenta 1 0 1 083 1 0.6/¢ 213 299 170
White 1 1 1 ~ 0 1 - 0 255
Gray 0.5 05 105 - g D5 - 0 128
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Undefined

Hue Component Saturation Component Intensity Component

Figure P6.10

Problem 6.12
There are two important aspects to this problem. One 1s to approach it in the HSI space and the other 1s to use polar

coordinates to create a hue image whose values grow as a function of angle. The center of the image 1s the middle of

whatever image area is used. Then, for example, the values of the hue image along a radius when the angle 1s 0°

would be all 0°s. Then the angle 1s incremented by, say, one degree, and all the values along that radius would be
1°s, and so on. Values of the saturation image decrease linearly in all radial directions from the origin. The intensity
image 1s just a specified constant. With these basics in mund 1t 1s not difficult to write a program that generates the
desired result.

Problem 6.13
The hue image is shown in Fig. P6.13(a}.

Figure P6.13(a)

Problem 6.14

(a) It is given that the colors in Fig. 6.14{a) are primary spectrum colors. It also is given that the gray-level
images in the problem statement are 8-bit images. The latter condition means that hue (angle) can only be
divided into a maximum number of 256 values. Because hue values are represented in the interval from 0°

to 360°, this means that for an &bit image the increments between contiguous hue values are now 360,255.
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Another way of looking at this is that the entire [0, 360] hue scale is compressed to the range [0, 255]. Thus,
for example, yellow (the first primary color we encounter), which is 60° now becomes 43 (the closest
integer) in the integer scale of the 8-bit image shown in the problem statement. Similarly, green, which is

120°, becomes 85 in this image. From this we easily compute the values of the other two regions as being

170 and 213. The region 1n the middle 1s pure white [equal proportions of red green and blue in Fig. 6.14(a)] so its
hue by definition 1s 0. This also 1s true of the black background.

Problem 6.15
The L*a*b* components are computed using Egs. (6-31) through (6-34). Reference white is R =G =B =1.
The computations are best done in a spreadsheet, as shown in Table P6.15.

Table P6.15

FrRrEy - e e .

Color R G B X Y Z

PO AL LN K

Ref. 1T 1 1 095 100 1.10 1 0 0
Black 0 A"n €’ 0 0 0 0 0 014 014 0.14 0 0 ©
Red 1 60 0 059 029 0 062 029 0 085 066 014 83 95 105
Yellow 1 1 0 077 0S0 007 0Bl 09 006 0593 09 040 92 -16 113
Green 0 1 0 018 061 007 019 061 006 057 08 040 51 -136 90
Cyan 0 1 1 036 071 109 038 071 1 073 089 1 68 -84 -22
Blue 0 0 1 018 011 102 019 011 094 058 047 098 51 53 -101
Magenta 1 O 1 077 040 102 0B1 040 094 093 073 098 92 100 -49
White 1 1 1 095 100 110 1 1 1 1 1 1 100 0 0
Gray 05 05 05 048 050 055 05 05 05 079 079 079 76 0 O
Problem 6.16

Let CM’Y’ be an mtensity-modified version of image CMY. We can relate them to their RGB and

R’(Z’B’ counterparts as follows:

C=(1-R) C'=(1-R")
M =(1-G) M =(1-G)
Y =(1- B) Y’ =(1-B’)

If you multiply all three components of an RGDB 1mage by a constant &, its intensity 1s changed —
that 1s, the transtormations &’ = kR, &G'= kG, and Y'=kY change the intensity of an RGB 1image.
To get the equivalent transformation for a CMY image, start with one of these equations, for
example,

= kR

And substitute for R and R’ from the conversion equations at the top of the page to get

=G =H{1=~C)
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Then rearrange the terms to get
C’' =1-k(1-C)
=1-k+kC
=kC+(1-k)

The equations for M’ and Y’ follow in the same manner.

Problem 6.18

(a) Because the infrared image, which was used in place of the red component image, has very high gray-

level values.

(b) The water appears as solid black (0) in the near infrared image [Fig. 6.25(d)]. Threshold the image with
a threshold value shghtly larger than 0. The result i1s shown 1in Fig. P6.18. It 1s clear that coloring all the

black points in the desired shade of blue presents no difficulties.

Fr

Figure P6.18

Problem 6.19

Using Eq. (7-18), we see that the basic problem is that many different colors have the same saturation value.

This was demonstrated in Problem 6.10, where pure red, yellow, green, cyan, blue, and magenta all had a

saturation of 1. That is, provided that any one of the RGEB components is 0, Eq. (7-18) yields a saturation.
Consider RGB colors (1, 0, 0) and (0, 0.59, 0), which respectively represent shades of red and green, The

HSI triplets for these colors [per Egs. (7-16) through (7-19)] are (0, 1, 0.33) and (0.33, 1, 0.2), respectively.
Now, the complements of the beginning RGB values (see Section 6.5.2) are (0, 1, 1) and (1, 0.41, 1),
respectively; the corresponding colors are cyan and magenta. Their HSI values [per Eqs. (7-16) through (7-
19)] are (0.5, 1, 0.66) and (0.83, 0.48, 0.8), respectively. Thus, for the red, a starting saturation of 1 yielded
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the cyan “complemented™ saturation of 1, while for the green, a starting saturation of 1 yielded the magenta
“complemented” saturation of 0.48. That 1s, the same starting saturation resulted in two different
“complemented” saturations. Saturation alone does not have enough information to compute the saturation

of the complemented color.

Problem 6.21

The RGB transformations for a complement [see Fig. 6.31(b)] are:

s, =1—r

where i =1, 2,3 (for the R, G, and B components). But from the definition of the CMY space in Eq. (7-5), we

know that the CMY components corresponding to r, and s,, which we will denote using primes, are

S &

s; =1-—s,
Theretore,

;TS
and

el 581 S -r)=1-(1-(1-1))
=]_—f:

Problem 6.23

Based on the discussion on tone and color corrections 1s Section 6.5, and with reference to the color wheel in Fig.
6.30, we can decrease the proportion of yellow by (1) decreasing yellow, (2) increasing blue, (3) mcreasing cyan and
magenta, or (4) decreasing red and green.

Problem 6.24

The simplest approach conceptually 1s to transtorm every input image to the HSI color space, perform
histogram specification per the discussion in Section 3.3 on the intensity (/ ) component only (leaving H and
S alone), and convert the resulting intensity component with the original hue and saturation components

back to the starting color space.

Problem 6.25

(b) The saturation image 1s constant, so smoothing it will produce the same constant value.

Problem 6.26

(a) The cube 1s composed of six intersecting planes in RGB space. The general equation for such planes 1s

ﬂ‘ZR +bZG +CZB +d —_ 0
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where a, b, ¢, and d are parameters and the z s are the components of any point (vector) z in RGB space
lying on the plane. If an RGB point z does not lie on the plane, and its coordinates are substituted in the
preceding equation, the equation will give either a positive or a negative value; 1t will not yield zero. We say
that z lies on the positive or negative side of the plane, depending on whether the result is positive or
negative. We can change the positive side of a plane by multiplying its coefficients (except d) by —1.
Suppose that we test the point a given in the problem statement to see whether it 1s on the positive or
negative side each of the six planes composing the box, and change the coefficients of any plane for which
the result 1s negative. Then, a will lie on the positive side of all planes composing the bounding box. In fact
all points inside the bounding box will yield positive values when their coordinates are substituted in the
equations of the planes. Points outside the box will give at least one negative (or zero if it is on a plane)
value. Thus, the method consists of substituting an unknown color point in the equations of all six planes. It
all the results are positive, the point 1s inside the box; otherwise 1t 1s outside the box. A flow diagram is

requested 1n the problem statement to make it simpler to evaluate the student’s line of reasoning.
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Chapter 7

Problem Solutions

Problem 7.1
(b) They are not orthonormal since
] %
Is, || = J(sﬂ,sﬂ> =ysls, ={[1 2 1]|2[} =1+4+1=46=20
1

and similarly “51“ =42 and “52 “ = 3.

Problem 7.3

Equation (7-16) defines a generic transform as
T(w) =3 f(x)rixu)
= f(x)r(x,0)+ fx)r(x,1)+...

We can write the above equation 1n matrix form as

T (0) r(0,0) HO1) o r(O,N —1) £(0)
(1) _ r(1,0) r(1,1) f(1)
_T(N- +1)| [#HN — 1,u) | HN-1,N-1) _f(N-— 1)
We can rewrite this as
r(0u) | | no _ Iy _
t=AT wherer, = r(l-,u) = and A’= r%i”
H(N=Lu)| [funa _1‘;_1_

where column vectors f and t are as defined by Eqgs. (7-20) and (7-21), respectively. But Egs. (7-24) through
(7-26) tell us that

7O) 1 [ s0,0) s0,1) - sON=1) I F£0)
oar| T | 5(1:,0) (L) f(:1)
T(N+1)| |s(N-1u) S(N-LN-1 || fIN-1)

Therefore, A=A’, r, =s , for allu, and r(x, u) = s(x, u).
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F(N = 1: M) Fu,N—l

Problem 7.7

(d) The norm of f(x)=cosx on the interval |—m,7| is

=G 7N =| [ cos xae| =|esdanad =7

L ‘a4 .

P | =
P2 | =

Problem 7.8

(¢) The transform of g is t, =[6.1237 2.1213 —3.4641]T. The transtorm of f was computed in Problem

7.1;itsnorm is 470. The angle between the transformed vectors t and t, is

" 6.1237 |
[-1.633 —1.4142 8.0829|| 2.1213

1 34641

i (N70)(¥54)

= cos " [—0.666]=132°

which is the same as the angle between f and g in (a).

Similarly, t—t, = [-7.7567 —3.5355 11.5470]T and the distance between them is

"—7.7567
d= [[-77567 —3.5355 11.5470]|—3.5355|=14.3527
\ 115470

which is the same as the distance between f and g in (b).

Problem 7.11

(a) The basis is orthonormal and the coefficients are computed by the vector equivalent of Eq. (7-7)

a=[ys2 43|} |- 22

Z

m =[Nz 3] [3]- 2

S0
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SN2 . N2 52
——S, +t—8; =——
2 2 2
Problem 7.14
(a) and (b) The transtorm is
0.5 05 05 05
T — AFAT — 0.5 05 —-05 -0.5
- 105 05 05 -05
05 05 05 05]]

1/42
1/42

b OO0 Ln 4~

/2| T3

—1/V2] 2]
05[05 05
-05/l05 05
-05/05 -05
& 15000505

0.5
—0.5
0.5
—0.5

0.5]
— (55
—0.5

0.5

Note that the first column of I (highlighted in blue) is vector f of Problem 7.11, the vector whose 1-D
transform t=[2 —1 4 3]T. The leftmost multiplication of AFA" is

0.5 05 05 03] 4 —4

0.5 05 05 -05(-3 1
AF =

0.5 05 05 -05| 2 —4

05,05 05 05| 1 -3

b OO0 h &

—0.5
—0.5
—1.5

0.5

2 -5 10
-1 2 -1
4 -3 2
3 -2 -3

and column 1 of the resultis |2 —1 4 S]T. Pre-multiplication of F by A generated 1-D transforms of the

columns of F. In a similar manner, post-multiplication of intermediate result AF by A" generates 1-D
transtorms of the rows of AF. This is clear in the following equation, where row 3 of AF, which happens to

be f' =[4 —3 2 1], becomes [2 —1 4 3]inrow 3 of AFA":

2 -5 10 -—-1ll05
T=(AF)AT = = - R | 0.5
4 -3 2 1llos
3 2 -3 0]|l05

0.5
0.5
4.5
—0.5

0.5
—~{.5
0.5
—0.5

0.5
=05
—(:5

0.5

3

2
—1

0.5 0.
=

—6

5

2

2

9
5
4

1

—~3
—0.5
3

4

Thus, the pre- and post-multiplication sequence demonstrated above computes the 1-ID column transforms
of F followed by the 1-D row transtorms of the column transforms.
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05 05 05 0573 -6 9 =205 05 05 05
b ATra |05 05 05 —05| (05 05 -25 0505 05 —05 —05
05 -05 05 —05|| 2 -1 4 3|05 05 05 -05
05 05 05 05||-1 2 1  4]lo5 -05 05 05
T 225 -225 575 225][05 05 05 05
125 325 075 —-475/[05 05 -05 —05
| 275 -475 725 -125|[05 —05 05 —05
025 —175 425 —025]l05 <05 —05 05
T4 4 4 05
3 1 5 -05
| 2 4 8 —05
1L -8 % 15
Problem 7.17

T=A,FA, and F=A}!TA}

Problem 7.20

1o verity the orthonormality of DEF'1" expansion functions

s(x,u) = e 2™ N foru=0,1,...N—1

.
VN

we first compute their norms:

“S(LH)H =\/<L€j2qu/N Lg;'zwux/w>

VN "IN
= %Jhiliejzfm&/hf %Ejzfnux]hf
NN VN N
- 1 le 1
\/ﬁ I=DN
—

Since the norms are 1, we next verify that they are pairwise orthogonal for all m ##n. We begin with the
inner product

and let 8 = 2™ MM o4 that
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A

where the last two steps follow from (1) the fact that the sum of the first p terms of infinite geometric series
a+ar+ar’ +...+ar’ ! is a(1—r?}/(1—r) and (2) recognizing that B~ = e?™"™ =1 while 81 for all

integer m # n. Thus, the sampled complex exponential expansion functions defined by Eq. (7-37) are
orthonormal.

Problem 7.24

The Fourler transform of g(at) for a>0 is

SHglat)} =[m glat)e "™ dt

et T=at sothat f=7/a and dr = adt and df = dr /a. Substitution into the above equation then gives

~j2nf— dr

Yigln)} = [ R )e P 2T

o

1 e,

i

Since

Se}=[ st rai=Gp)
we can write

S{gln)}= mﬂ‘{g(ar)}— (f]

Letting a =2%, g =4, and W(f)={¢(f)}, we finally get

g5

For s > 0, time 1s compressed and the spectrum 1s expanded; for s <0, the opposite occurs.

Problem 7.35

Start with the multiresolution refinement equation [i.e., Eq. (7-125)] with variable k replaced by =,

o(x) =Y b, (k)N20(2x - n)
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Scaling x by 2, translating it by k, and letting m = 2k+n gives
o(2'x-k) = h,(nV2e(2(2' x~k)-n)
= 2%(}1)@@(2“% -2k — H)

= b, (m—2k 202" x - m)

Note that scaling coefficients &, can be thought of as “weights” used to expand ¢(2'x—k) as a sum of scale

J + 1 scaling functions. A similar sequence of operations—beginning with Eq. (7-130)— provides an

analogous result for #(2'x — k). That is,

W2/ x—k)="Y h,(m=2kN2e(2* x—m)

Substituting Eq. (7-127) into Eq. (7-135), we get
o
d, (k) = / F(x) 2P (2! x = k)dx

which, upon replacing #(2’x — k) in this equation with the right side of the previous equation, becomes

d, (k) = / F)2P Y by (m = 200N 202" x —m) | dx

Interchanging the sum and integral and rearranging terms then gives

d, (k)= h,(m—-2k) / F(x) 202 527 x — m)dx

Where the bracketed quantity is ¢, (k) of Eq. (7-134) with j=;j + 1 and k = m. To see this, substitute Eq. (7-
121)into Eq. (7-134) and replace j, and &k with j + 1 and m, respectively. Therefore, we can write

d}(k) = 2h¢(m_ 2k)c;‘+1(m)

and note the detail coetlicients at scale j are a function of the approximation coetficients at scale
j+1

Problem 7.37
From Eq. (7-127), we find that

ws 5 (x) =27 w(23x = 3) = 242 (8x — 3)

and using the Haar wavelet function definition from Eq. (7-132), obtain the following plot:
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W, %) =22 y(8x-3)

0 3/8 1/2 1

To express /35 (.1:) as a function of scaling functions, we employ Eq. (7-130) and the Haar wavelet vector

defined in Example 7.6—that is, k, (0)=1/v2 and h, (1)=-1/+2 . Thus we get
y(x)= 3 h, (W)N2p(2x~n)
¥
so that

y(8x~3) =3 h, (n)20(2[8x ~3]-n)

1
= j—z—'ﬁtﬁ(lﬁx = 6) +[

Gl

V2

= p(16x—6)— p(16x —7)

]ﬁ@(lﬁx—?)

Then, since ¥, (x) = 242y(8x —3) from above, substitution gives
Y35 (x) = 242y (8x - 3)

= 232¢(16x — 6)— 229(16x —7)

Problem 7.41
The filter bank is the first bank in Fig. 7.23:

{-14Z , -312, T2, -342, 0}

l

{-14Z, 147} 2y ——@ Wy(l.n)= {-32, 32}

Wo(2, n) = f{n)
= {14,300 O

(42, 12) 2y ——@ Wo(l, n) = {5WZ, -317)

!

{INZ, 5HZ, INZ, -3NZ, 0}
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Problem 7.43
(a) Input gﬂ(k) ={1L1,1,1,1,1,1, 1} = Py (k) for a three-scale wavelet transform with Haar scaling and

wavelet functions. Since wavelet transtorm coefficients measure the similarity of the input to the basis
functions, the resulting transtorm 1s

.T,(0,0).T,,(0.0).7, (10).T, (11).T, (2.0).T, (2.1).T,(2,2).T,,(2,3)}

=1242,0,0,0,0,0,0, 0}

The T,;;. (O,, 0) term can be computed using Eq. (7-137) with j, =k =0.

Problem 7.45

As can be seen 1n the sequence of images that are shown, the DW 1 1s not shift invariant. If the input 1s
shifted, the transform changes. Since all original images in the problem are 128 X128, they become the

T@ (7¢ ] 3 k) inputs for the FWT computation process. The filter bank of Fig. 7.22(a) can be used with

j+1=7.Forasingle scale transtorm, transform coefficients T@ (61 ] . k) and T; (6,-1 I nk ) for

i =H,V,D are generated. With Haar wavelets, the transtormation process subdivides the 1mage into

non-overlapping 2 x 2 blocks and computes 2-point averages and differences (per the scaling and wavelet
vectors). Thus, there are no horizontal, vertical, or diagonal detail coefficients in the first two transforms
shown; the input 1images are constant mn all 2 x2 blocks (so all differences are 0). If the original image is
shifted by 1 pixel, detail coetlicients are generated since there are then 2 x 2 areas that are not constant.
T'his 1s the case in the third transtorm shown.
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Chapter 8

Problem Solutions

Problem 8.4

(a) Table P8.4 shows the starting intensity values, their &-bit codes, the 1S sum used in each step, the 4-bit
IGS code and its equivalent decoded value (the decimal equivalent of the IGS code multiplied by 16), the

error between the decoded 1GS 1ntensities and the input values, and the squared error.

(b) Using Eq. (8-10) and the squared error values from Table P& 4, the rms error is

By =\/%(144+25+49 +16+16+169+64 +9)

1
= \/§(492) = 7.84

or about 7.8 intensity levels. From Eq. (8-11), the signal-to-noise ratio is

062 +144° +128% +240% +176° +160° + 64% +96°

SNR . =
497
_ 173824 357
492
Table P8.4
Intensity 8-bit Code Sum 1GS Code Decoded IGS | Error | Square Error
00000000
103 01101100 01101100 0110 96 -12 144
139 10001011 10010111 1001 144 S 25
135 10000111 10001110 1000 128 -7 49
244 11110100 11110100 1111 240 -4 16
172 10101100 10110000 1011 176 4 16
173 10101101 10101101 1010 160 -13 169
56 00111000 01000101 0100 64 8 64
99 01100011 01101000 0110 96 -3 9

Problem 8.6
'I'he conversion factors are computed using the logarithmic relationship
1
log, x = log, x
log, a

Thus, 1 Hartley = 3.3219 bits and 1 nat = 1.4427 bits.
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Problem 8.7

et the set of source symbols be {al,az, ___,aq} with probabilities [P(al),P(aZ), ...,P(uq)f . Then, using Fq.
(8-6) and the fact that the sum of all P(a )is 1, we get

[ 1 .«
logg—H =logg ZP(a}-) +2P(aj)1GgP(aj)
| j=1 d 3=l
q q
=ZP({I}.)IGgq+ZP(aj)IDgP(aj)
=1 =1
q
= ) Pla;)logqP(a;)
=1

Using the log relationship from Problem &.6, this becomes
q
= log, 2 P(a;)IngP(a;)
i=1

Then, multiplying the inequality Inx < x—1 by -1 to get In1/x 21— x and applying it to this last result,

el I 1 \
logg—H =zloge) Pla,)|1-
;Zf L aPle)
A 4 Pla. i
>loge ZP(a:j)—iZ (4;)
K= q j=1 P(ﬂj)_
>loge|l1-1|
=0
so that
logg =z H

Therefore, H 1s always less than, or equal to, logg. Furthermore, in view of the equality condition {x = 1)

for Inlfx 21— x, which was introduced at only one point in the above derivation, we will have strict
equality if and only if P(a;) = 1/g for allj.

Problem 8.9

(d) We can compute the relative frequency of pairs of pixels by assuming that the image 1s connected from
line to line and end to beginning. The resulting probabilities are listed in T'able P8.9-2.

Table P8.9-2
Intensity pair Count Probability
(21, 21) 8 1/4
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(21, 95) 4 1/8
(95, 169) 4 1/8
(169, 243) 4 1/8
(243, 243) 2 1/4
(243, 21) 4 1/8

The entropy of the intensity pairs is estimated using Eq. (8-7) and dividing by 2 (because the pixels are
considered in pairs):

lI:i’ = —l[il-ﬁgzl+llﬂgg1+11-::ng21+lh:::ng2l+lli::rgzl+llr::ng2 l]
2 2] 4 4 8 8 8 8 8 8 4 4 8 8
2D
T2

= 1.25 bats/pixel

The difference between this value and the entropy in (a) tells us that a mapping can be created to eliminate

(1.811-1.25) =0.56 bits/pixel of spatial redundancy.

Problem 8.15
T'o decode Gé;p (n):

1. Count the number of 1s in a left-to-right scan of a concatenated Gfxp (n) bit sequence before

reaching the first 0, and let i be the number of 1s counted.
2. Qetthe k +i bits following the 0 1dentified in step 1 and let d be its decimal equivalent.

3. The decoded integer 1s then

For example, to decode the first G2 exp (n) code in the bit stream 10111011..., let i = 1, the number of 1s in
a left-to-right scan of the bit stream before finding the first 0. Get the 2+1 = 3 bits following the O, that is,
111 so d = 7. The decoded integer 1s then

1-1
T+ 3,27 = P420=11
j=0

Repeat the process for the next code word, which begins with the bit sequence 011...

Problem 8.18

The arithmetic decoding process is the reverse of the encoding procedure. Start by dividing the [0, 1)
interval according to the symbol probabilities. This 1s shown in Table P&.18. The decoder immediately
knows the message 0.23355 begins with an “e”, since the coded message lies in the interval [0.2, 0.5). This
makes it clear that the second symbol is an “a”, which narrows the interval to [0.2, 0.26). To further see this,
divide the interval |0.2, 0.5) according to the symbol probabilities. Proceeding like this, which is the same
procedure used to code the message, we get “ean!”
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Table P8.18

Symbol Probability Range
a 0.2 0.0,0.2)
e 0.3 0.2,0.5)
{ 0.1 0.5,0.6)
0 0.2 0.6, 0.8)
u 0.1 0.8,0.9)
! 0.1 0.9,1.0)

Problem 8.20
The input to the LZW decoding algorithm in Example 8.7 1s

39 39 126 126 256 258 260 259 257 126

The starting dictionary, to be consistent with the coding itself, contains 512 locations—with the first 256
corresponding to intensity values 0 through 255. The decoding algorithm begins by getting the first encoded
value, outputting the corresponding value from the dictionary, and setting the “recognized sequence™ to the
first value. For each additional encoded value, we (1) output the dictionary entry for the pixel value(s), (2)
add a new dictionary entry whose content 1s the “recognized sequence™ plus the first element of the
encoded value being processed, and (3) set the “recognized sequence” to the encoded value being
processed. For the encoded output in Example 8.7, the sequence of operations 1s as shown 1n Table P8.20.

Note, for example, in row 5 of the table that the new dictionary entry for location 259 is 126-39, the
concatenation of the currently recognized sequence, 126, and the first element of the encoded value being
processed—the 39 from the 39-39 entry in dictionary location 256. The output is then read from the third

column of the table to yield
39 39 126 126

39 39 126 126
39 39 126 126
39 39 126 126

where 1t 1s assumed that the decoder knows or 1s given the size of the image that was received. Note that the
dictionary 1s generated as the decoding 1s carried out.

Table P8.20
Recognized Encoded Value Pixels Dict. Address Dict. Entry
39 39

39 39 39 256 39-39
39 126 126 257 39-126
126 126 126 258 126-126
126 256 39-39 259 126-39
256 258 126-126 260 39-39-126
258 260) 39-39-126 261 126-126-39
260 259 126-39 262 39-30-126-126
259 257 39-126 263 126-39-39
257 126 126 264 39-126-126

Copyright 2002-2017 R. C. Gonzalez & K. E. Woods Version 1.0 2017-07-20 Page 106 of 166



Problem 8.24

(a) - (b) Following the procedure outlined in Section 8.2 (Block Transform Coding), we obtain the results
shown in Table P8.24.

Table P8.24
DC Coelflicient Difference Two’s Complement Value Code
-7 1...1001 00000
-6 1...1010 00001
-5 11011 00010
-4 1...1100 00011
4 0...0100 00100
3 0...0101 00101
6 0...0110 00110
7 0...0111 00111
Problem 8.27

The appropriate MPEG decoder 1s shown 1n Fig. P8.27.

Figure P8.27

PR
artable Decoded
Encoded ) [nverse Inverse Mapper
Mﬂ lock Length Quaistizer = Image
acroblock wior T dntZe %
Decodet Macroblock
Encoded Variable
Motion Length Motion Estimator
Vector Decoder and Compensator
Problem 8.29

The derivation proceeds by substituting the uniform probability function into Eqgs. (8-56) - (8-58) and
solving the resulting simultaneous equations with L = 4. Equation (8-37) yields

1
8 = E(Il i 12)

SZZGG

Substituting these values into the integrals defined by Eq. (8-36), we get two equations. The first is
(assuming s, < A)
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f (s—1,)p(s)ds =0

1 %(51 +i3 ) SZ %(Ilﬁz)
— (s—t )ds =——1;5 =0
2A J, 2

(t +5)° =4 +5) =0
(t; +1,)(t, = 3) =0

S0

The first of these relations does not make sense since both f;, and #, must be positive. The second
relationship is a valid one. The second integral yields (noting that s, is less than A so the integral from A to

2 18 0 by the definition of p(s) )

—_ (§ —1,)ds =——1,s =0

S+ ) %(IIHE)

4A% - 8AL, —(t +1,)° —4t,(t; +1,) =0
Substituting ¢, = 3¢, from the first integral simplification into this result, we get
8t —6 At +A® =0
A
A
A

Back substituting these values of #;, we find the corresponding ¢, and s; values:

3A A
t,=—ands; = Aforf =—
2 2

3A A A

t, =—and s; =— forf; =—
2 4

Because s, = A is not a real solution (the second integral equation would then be evaluated from A to A,

yielding 0 or no equation), the solution is given by the second. That is,
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Problem 8.34

A variety of methods for mmserting invisible watermarks into the DFT coefficients of an image have been
reported 1n the literature. Here 1s a simplified outline of one in which watermark insertion 1s done as

follows:

Figure P8.34

[l I

[ [V

4

B

Create a watermark by generating a PF-element pseudo-random sequence of numbers,
Ty, Wy, ..., W p, taken from a Gaussian distribution with zero mean and unit variance.

Compute the DFT of the image to be watermarked. We assume that the transform has not been
centered by pre-multiplying the image by (—-1)**”.

Choose P/2 coefficients from each of the four quadrants of the DFT in the middle frequency range.
This 1s easily accomplished by choosing coefficients in the order shown in Fig. P8.34 and skipping

the first X coefficients (the low frequency coefficients) in each quadrant.

; . - .
Insert the first half of the watermark mnto the chosen DFT coefficients, ¢, for 1<i<—, m

2
quadrants [ and III of the DFT using

¢/=c¢(1+aw,)

Insert the second half of the watermark into the chosen DFT coefficients of quadrants II and IV of
the DFT in a similar manner. Note that this process maintains the symmetry of the transtorm of a

real-valued image. In addition, constant « determines the strength of the inserted watermark.

Compute the inverse DFT with the watermarked coefficients replacing the unmarked coefficients.
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Watermark extraction 1s performed as follows:

1. Locate the DEF1 coefficients containing the watermark by following the insertion process in the
embedding algorithm.

2.  Compute the watermark w,,w,,...,%p using

Pt

— #

3. Compute the correlation between wand w and compare to a pre-determined threshold T to
determine 1f the mark 1s present.
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Chapter 9

Problem Solutions

Problem 9.1
(a)

Problem 9.2

[Note: We recommend that you solve this problem by hand to gain experience. However, if you use

imerode (MATLAB Image Processing Toolbox) to solve the problem or check your hand-solution, be sure

to construct your structuring element using B = strel(‘arbitrary’, SE), where SE 1s one of the

structuring elements in the problem statement. Failure to do this can lead to unexpected results in some

cases. |

(a)

] - e B . . I !
el s Rk
Figure P9.2(a)
Problem 9.3
< Onginot B
£ R
B
—— ASB
- 1
A
Figure P9.3

Copyright 2002-2017 R. C. Gonzalez & R. E. Woods Version 1.0 2017-07-20 Page 111 of 166



Problem 9.4

(a) Erosion is the set of point, {z], such that B, translated by z, is contained in A. If B is a single point, this
definition will be satisfied only by the points in A. Therefore, erosion of A by B is simply A.

Problem 9.6

(a) Keep 1n mind 1n all parts of the problem that dilation 1s with respect to the shaded elements of &.

----------

A ASB

Problem 9.8

In the following, the origin of the structuring elements 1s shown as a black dot.

(a) Erode the original set (shown dashed) with the structuring element shown (note that the origin is at the
bottom, right).

- |

(a)

Figure P9.8(a)

(¢) First erode the set down to two vertical lines using the rectangular structuring element (note that this

element is slightly taller than the center section of the “U” figure). Then dilate the result with the circular

structuring element.

Figure P9.8(c)
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Problem 9.9

Structuring elements for all parts of this problem (the dots indicate the origin):

N
‘ . L k.-/j
B4

B' B B’

\ Y A
‘ (4 € B") (A S B')® B? [ | ‘

i }
i_ _________ I
— i —

‘1 Q‘ ! il

Problem 9.10
(a) The dilated set will grow without bound.

Problem 9.12
We have to show that

AS B={we Z*|w+be Aforevery b e B}= :wezz‘(B)w CA}

The right side follows directly from the definition of translation because the set (B) has elements of the
form w + b for be B. Thatis, w+ b e A for every b e B implies that (B)w C A. Conversely, (B)w A

implies that all elements of (B)w are contained in A, or, equivalently, that w + b ¢ A forevery be B.

Problem 9.13

(b) Suppose that we AS B=we(A) ,. Then, forevery be B, we(A4)_,, or w+be A But we showed

S
in Problem 912 that w+beA for every beB implies that (B) CA, so that

we AS B= {*w = Z‘?‘(B)w C A}‘ Similarly, (B), C A implies that all elements of (B) are contained in

A, or, equivalently, that w+ be A for every be B. But, from (a), w+ b e A implies that w ¢ (A)_b . Thus,
then we [)(4).,.

be R

if for every be B, we(A4)_,,

Problem 9.14

We have to show that
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A®B={weZw=a+b, fnrsamea,eflaudbEB}:{weZZ‘(ﬁ)wﬁAqt@}

The elements of (E’) are of the form w — b for b e B. The condition (E‘)w NA = implies that for some

w
beB,w—beA, or w—b=a for some ae A (note that w=a+b). Conversely, if w=a+b for some

gac A and be B, then w—b=a or w—be A, which impliesthatwe[(ﬁ)wﬂﬁi @].

Problem 9.15

(b) Suppose that we | J(A),. Then for some be B, we(A), However, we(A), implies that there
beB

exists an @€ A such that w=a+5b. But if w=a+b for some ac 4, and be B, then w—-b=a or
w—b e A, which implies that w e [(fx’)w NA # EJ]. Now suppose that w e [(f}’)w NA# Qi:l. The condition

(B),,NA # & implies that for some be B, w—be A, or w—b=a (ie., w=a+b) for some ac A. But,

if w=a+b for some ac A and b e B, then we (A), and, therefore, w < U (A),.
be B

Problem 9.17

(a) When the structuring element £ contains part of the boundary of set A during the opening operation, 8
1s contained within the set because B 1s translated inside A. This satisties the definition of the opening, so

the black straight line segments in (d) indeed correspond to the straight line segments in (a).

Problem 9.18
(@)

Set A and structuring element B:

Erosion of A by 8:

Dilation of the Erosion (Opening)
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Problem 9.19

(a) The result will be A because erosion by B will strip off a border of 1s determined by the size of 8. The
dilation with the same structuring element will restore that border.

Problem 9.20
(a) We start with the definition of opening in Eq. (9-10): A-B=(A4A S B)®B. Then,

(A B) =((Ae B)®B)

-(Ae B) & B

=(A‘@B)o B
\

- A°+RB

The second line follows from the duality property in Eq. (9-9), the third line follows from the duality
property in Eq. (9-8), and the last line follows directly from the definition of the closing given in Eq. (9-11).

Problem 9.21

(a) From Fig. 9.8 and Eq. (9-12), we know that the opening of A by 8 is the union of all the translations of B
such that B is contained in A. Therefore, the opening must be a subset of A.

(b) From Eq. (9-12),

coB=J{(B),|(B),cC}

and

p-B=J{(B),|(), c D|

Therefore, if C C D, itfollowsthat C B8 C D+ B.

Problem 9.24

The maximum width that the border can have 1s one pixel less than the width that would cause 1t to overlap

any part of object C or £. The figure below shows the original £, and next to it the structuring element

with the maximum border.
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Foreground (A°)

B,

Figure P9.24

Problem 9.27

A 4-connected curve cannot have diagonal connections, so the algorithm only has to check the input image
for diagonal terms from the center point of a 3 X3 neighborhood to the next point 1n the curve. For those

pixels found, add a1 to the left (or right) of the center pixel, taking into consideration the direction of travel
from the center pixel to the next pixel. Then, given that the curve is one pixel thick with no branches, we

only need to check for the possibilities in the first row of the following figure (the reason for labeling the
neighborhoods in the manner shown will be clear shortly):

xiﬂ 1] x| x| [xIx|x] [1]0]x

x[1]0] [x[1]0] [0{1]|x]| [0]1]xX

XI1X|x| X011 |1]0|x] [X]|X]|X
B, B, B, B.

0(110 0010 010/0] [0[0]0

00(0] [0]0 0/0{0| [1]0{0

o/ofo] |00 o/1/0] [o]olo
N, N N, N;

Figure P9.27

The structuring elements shown 1n the first row of Fig. P9 27 take into account the fact that we only need to
look one pixel ahead of every pixel in the direction of travel and make sure all points are visited. Because
we are looking only one pixel ahead, we have to guarantee that the pixels on each side of the diagonal are 0,
the others do not matter, hence the don’t care conditions,

The algorithm consists of the following principal stages.

1) Apply the hit-miss transform to the image containing the curve using each of the structuring elements in

the first row of the problem figure, one at a time. Label with a 2 the hits found with B,, label with a 3 the

hits found with B,, and so on.

2) For each point labeled 2, perform a logical OR of its 3-by-3 neighborhood with N, in the second row of

Fig. P9.27 (this adds a 1 in the location required to convert the diagonal connection to a 4-connection).

Repeat for the other 3 types of hits.
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Problem 9.30

The key difference between the Lake and the other two features is that the former forms a closed contour,
Assuming that the shapes are processed one at a time, a basic two-step approach for differentiating between

the three shapes is as follows:
Step 1. Apply an end-point detector to the object. If no end points are found, the object 1s a Lake.

Otherwise it is a Bay or a Line.

Step 2. There are numerous ways to differentiate between a Bay and a Line. One of the simplest is to
determine a line joining the two end points of the object. If the AND of the object and this line contains

only two points, the figure 1s a Bay. Otherwise it 1s a Line. There are pathological cases in which this test
will fail, and additional ”mtelligence” needs to be built into the process, but these pathological cases

become less probable with increasing resolution of the thinned figures.

Problem 9.32

(a) With reference to the example shown in Fig. P9.32, the boundary that results from using the structuring
element in Fig. 9.17(c) generally forms an 8-connected path (leftmost figure), whereas the boundary
resulting from the structuring element in Fig. 9.15(b) forms a 4-connected path (rightmost figure).

Figure P9.32

Problem 9.33

(a) The entire image would be filled with 1°s.

Problem 9.36

(a) If the spheres are not allowed to touch, the solution of the problem starts by determining which points
are background (black) points. To do this, we pick a black point on the boundary of the image and
determine all black points connected to it using a connected component algorithm (Section 9.6). These
connected components are labels with a value different from 1 or 0. The remaining black points are interior
to spheres. We can fill all spheres with white by applying the hole filling algorithm in Section 9.6 until all
interior black points have been turned into white points. The alert student will realize that if the interior
points are already known, they can all be turned simply into white points thus filling the spheres without

having to do region filling as a separate procedure.
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Problem 9.37

Denote the original image by [ and create an array C of zeros (the same size as ) to hold the connected
components. Initialize NC, the number of connected components to U. Create a zero array, Z, the same

size as . Find any 1-valued pixel in / and denote 1t by p. Set to 1 in Z the same location as p. Apply the

reconstruction by dilation algorithm with Z as the marker, and / as the mask, using a 33 structuring
element of 1s (this defines 8-connectivity over a 3 x 3 region). This will yield an array R, of the same size

as I, containing all the 1-valued pixels in I that are connected to p. Increase NC by 1 and add NC+ R to C
(multiplying R by NC labels all elements of the connected component just found with the value NC.

Subtract R from I. Create a zero array, Z, the same size as [ and repeat until there are no 1-valued elements
left in K. (Keep in mind that that reconstruction by dilation is basically an implementation of Eq. (9-20)
until stability.)

Problem 9.40

The dark image structures that are completely filled by morphological closing remain closed aiter the

reconstruction.

Problem 9.41

(a) In a proof by induction, we prove the expression for »n = 1; assume that it 1s true for n; and prove 1t true

for n+1. The proof for n =1 1s not difficult:

EO) =|[E0@] |

[(FoB)UGT |

(FOBY NG|

C

(FCOB)NG

(FF®B)NG

D]

where the first line follows from the fact that the complement of the complement of an expression is the

expression itself, second line follows from Eq. (9-40), the third line follows from DeMorgan’s law,
(AUB)Y = A"MB°, the fourth line follows from the duality property of erosion and dilation, Eq. (9-8), the

fifth line follows from the symmetry of the SE, and the last line follows from the definition of geodesic
dilation.

In step 2 of the proof, we assume that
EQ(F)=[ D2 (D4 (F))]

1s true. In step 3 we have to prove that
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Egm) (F) = I:Délc) (Dgi)(Fﬂ ))]c

is true. We start by recalling from Eq. (9-41) that

S0,

Eg™)(F)= EQ(EZ(F))
Substituting for Eéﬂ) (F) (which we assume to be true from step 2) yields

E{(}ﬂﬂ) (F) A Eg) [[Dgc) (Dgi_l)(Fc ))]c ]
With reference to Eq. (9-39), we can write the preceding equation as

£ ()= EQ) ([p )T )

For clarity in notation, let a = [Dg,f)(F 1 )]c , temporarily. Then using the result from step 1 of the proof, we

write

EG™V(F)= E9)(a)
=[Dgle)]

Finally, we substitute for ¢ and obtain
Egm) (F)= [DS;) (Dgi)(Fc ))].—:

This proves the third step of the proof by induction. Therefore, we have proved that
EP(F)=[ D@ (D (F))[

Problem 9.43
(a)
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(FoOnBY =[(Fe(n-1)B)©B]
=(FO(n-1BY®B
=(F°®(n-1)B)® B
= F°® nb.

where the second and third lines follow from the duality property in Eq. (9-8). The fourth line clearly is
equivalent to the third.

Problem 9.44
(a)

OV (F)= RE(F © nB)
=[RE([F o nB)|

C

RE(F° ®nbB)

(RE(F° ®nB)

COFE |

where the second step follows from the duality of reconstruction by dilation (Problem 9.42), the third line
follows from the result in Problem 9.43, the fourth line follows from the symmetry of B, and the last step

follows from the definition of closing by reconstruction.

Problem 9.45
(a) From Eq. (9-49),

[P b= [(S{I})igb{f(_x +s, v+ r}]c
= [—(E}?Exb{—f(x+s,y+r}}

=—f®b
= FFPHb

The second step follows from the definition of the complement of a grayscale function; that 1s, the minimum
of a set of numbers 1s equal to the negative of the maximum of the negative of those numbers. The third

step follows from the definition of the complement. The fourth step follows from the definition of gray-

scale dilation in Eq. (9-50), using the fact that E;(x, y) = b(—x,—y). The last step follows from the definition

of the complement, —f = f°.
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(d)

(febY=[(fob)®b|
=(fObY Ob
=(f°®b)Ob
= fS b

The first line 1s from the definition of the opening; the second and third lines are from the duality of erosion

and dilation in Egs. (9-54) and (9-55); and the last line is from the definition of closing in Eq. (9-57).

Problem 9.46

You might find 1t helptul to review Problem 9.41, where we used proof by induction. This method of proof

consists of (1) proving the validity of an expression for n = 1; (2) assuming that the expression is true for »;

and (3) proving that the expression is true for »n+1;

C

' = (1) | (1) ¢ g
(a) For the first step (n =1), have to show that D,7(f) = [Eg,: (f )}

D) =|[D9] |

[

£

=[[(rep)Agl]
[-(-(f&b) A -g)] |
~(f®b)v-gf
(fobve]
(febve]|
EQ()]

[

The second line follows from the definition of geodesic dilation. The third line clearly 1s equivalent to the

second. The fourth and fifth lines follow from the definition of the complement. The sixth line follows from

P

the duality of dilation and erosion (we used the given fact that b=25). The last line follows from the

definition of geodesic erosion.

In the second step, we assume that

D ()= EQ(EC )]

g

1s true. In the third step, we have to prove that
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DE ()= | EQ(EQ ()|
is true. We start by recalling from Eq. (9-41) that

p(f)=DM (DI (1))

SO,

D (f)=DP(DY(1))
Substituting for Dgl) (f) (which we assume to be true) yields

D" V(f)= Dy [[E;) (Eéf”(f“’)ﬂc]

Then, using Eq. (9-66) we obtain

R

For clarity in notation, let a = [Eéf)( I )]C, temporarily. Then, using the result from step 1 of the proof, we

write
D (f) = D"(a)
[ enT
- [Egc b )}

Finally, we substitute for ¢ and obtain

D(ﬂ+1) (f) _ _E(P(.{IC )]c

g

|
| t:‘j |
Uﬁﬁﬁ
e
vy
ESE)
Tt
P *
~h
3
ey
e
T3

which proves that
D (1)=| ED(ELr))]
18 true.
Problem 9.47
(a)
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RE(f)= DE(F)

— : EE) ( E;f-lj ( fﬂ))}c
EO(r)]
RE(r)]

The first line is from Eq. (9-67), the second from Problem 9.46, the third from Eq. (9-66), and the fourth is
from Eq. (9-68).

Problem 9.48

(a) The solution follows the same approach we used in Problem 9.44 for the binary case:

(fenb)y=[(femn-1b)eb|
=(fe(n-1)b @b
=(f*®(n-1)b) B b
= f° ®nb.

Problem 9.49

(a) The solution follows the same approach we used in Problem 9.44 for the binary case:

0P(f) = RP(f © nb)

= [RE(Lf & m])]

C

RE(f* ®nb)

RE(f* ®nb)

)]

Problem 9.50
(b) The answer in (a) is ves. The boundary is shown in Fig. P9.50(b).
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Problem 9.51

(a) Color the image border pixels the same color as the particles (white). Call the resulting set of border

pixels B. Apply the connected component algorithm (Section 9.6). All connected components that contain

clements from § are particles that have merged with the border of the image.
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Chapter 10

Problem Solutions

Problem 10.1
The remainder in Eq. (10-4) is

2 3 1
Riforward difteronce) =~ 255 , 10 " L\,

++++++

Similarly, the remainder in Eq. (10-5) is

2 3 4
R(backward difference) = %8 E}f(;:) - %8 af(gx) + %8 E}f(f) TR
| K L odx o b

The remainder in Eq. (10-6) is given by the terms left over after subtracting Eq. (10-3) from (10-2):

++++++

2 Ff(x) 2f(x) 23 f(x
+ + +
b oox’ 5! ax’ 7! ox’

R{central difference) =

We see that the lowest-order derivative in this expression 1s higher than the other two, meaning that the

error 1s lower, as indicated in the problem statement.

Problem 10.2
(a) From Eq. (10-2),

++++++

flx+2)=f(x) + QBf(I) + QBEf(I) + 49 f(x) +

d ox” 3 o’
A 5 df(x) f(x) 4Pflx)
flx-2)=flx) —- 2 o + 2 o T o +

Then,

ofx) | 8F()

flx+2) - flx-2)= 4222+ 25

++++++ (1)

We are interested in the third derivative, so we have to find a way to eliminate the first derivative term. We

can do this by forming 2| f(x —1) — f(x+1)| (see Egs. (10-2) and (10-3)):
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3
2[f(x-1) - f(x+1)]= —4@;&}“) . %aafjf) it (2)

Adding Egs. (1) and (2) and ignoring higher order terms yields,

Fr+2) = f(x=2) + 2(x=1) - 2f(x +1) =221
X

OI,

cflx) flon2) - e+ fe-1) - fi—2)
ox° 2

which, after including the term 0f(x), agrees with Eq. (10-8).

Problem 10.5

The book coordinate system 1s explained m Fig. 2.19. Angles are measured with respect to the positive x-
axis (which points down), with increasing angles measured in the counterclockwise direction. So, horizontal
lines are +90° and vertical lines at 0° and 180°.

Problem 10.6

(a) The lines were thicker than the width of the line detector kernels. Thus, when, for example, a kernel was

centered on the line it "saw” a constant area and gave a response of 0.

Problem 10.7

(a) The 1st row of Fig. P10.7(a) is the same as Fig. 10.8 in the book. The 2nd row shows the corresponding
oradient (magnitude) images and horizontal profiles through their centers. The thin dark borders in the
images are 1ncluded for clarity in defining the borders of the images; they are not part of the image data.

:dges and their profiles

|
Gradient images and their profiles

Figure P10.7(a)
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Problem 10.9
See Fig. P10.9,

i Image

- .

Horizontal
profile

First
derivative
|

Second
derivative

Figure P10.9

Problem 10.10

(a) The gradient is a vector defined as

=5
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The derivatives indicate that this vector gives the rate of change along each of the two axes. The question
can be reformulated as: In which direction i1s this directional derivative the maximum? Let n be a unit

vector oriented in that direction. The dot product of Vf(x, y) andn is

Vi(x, y)-n =|VF(x, y)|[|nfcosé = [|[V(x, y)lcosé

where we used the fact that the magnitude of the unit vector 1s 1. The preceding equation achieves its

maximum value when & = 0, which means that n is in the same direction as Vf(x, y). Since we postulated

that n points in the direction of maximum rate of change, it follows that Vf(x, y) points in the direction of

maximum rate of change, and that rate of change is [Vf(x, y)|.

Problem 10.11
(b) Consider first the Sobel kernels in Figs. 10.14 and Fig. P10.11(a) above. A simple way to prove that

these kernels give isotropic results for edge segments oriented at multiples of 45° is to obtain the kernel
responses for the four general edge segments shown in Fig. P10.11(b), which are oriented at increments of

45°. The objective is to show that the responses of the Sobel kernels are indistinguishable for these four

edges. That this is the case is evident from Table P10.11(b), which shows the response of each Sobel kernel
to the four general edge segments. We see that in each case the response of the kernel that matches the

edge direction is (4a—4b), and the response of the corresponding orthogonal kernel is 0. The response of

the remaining two kernels is either (3a— 35) or (35 — 3a). The sign difference is not significant because the

oradient magnitude is computed by either squaring or taking the absolute value of the kernel responses.
The same line of reasoning applies to the Prewitt kernels.

a a a h a a b a a b a a
d a a b a a ( Iei a b b a
Horizontal Vertical +45 _ 45
Figure P10.11 (Partb)
Edge Horizontal  Vertical +45° —45°
direction Sobel (gy) Sobel (g,) Sobel(gss) Sobel (g_45)
Horizontal da —4b 0 3a—3b 3b—3a
Vertical 0 da —4b 3a—3D 3a—3b
+45° 3a—3b 3a—3b 4a —4b 0
—45° 3b—3a 3a—3b 0 da—4b

Table P10.11 (Part b)
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Problem 10.13

(a) As discussed in connection with Fig. 10.12, the compass kernels do not use the gradient to compute edge
strength. Instead, the strength i1s obtained by convolving the image with all eight kernels and selecting the

largest value. Because every compass kernel has an "opposite" kernel, there will always be a largest positive
response in the convolution. What we define as a north (N) kernel, depends on what we define as a north

edge. For example, the N kernel in Fig. P10.13(a) would give a positive result for a vertical binary edge with
background (0) values on the left, and foreground (1) values on the right. The S kernel would give the same
value, but a with a negative sign. For such an edge, the N kernel would give the largest response of all eight
kernels. Of course, we could define a north edge with foreground on the left and background on the right,

in which case S kernel in Fig. P10.13(a) would become the N kernel. We can elect either edge as our
definition of a north edge, but once that is done, we have to select the next (NW) kernel with reference to

the coordinate system in Fig. 10.12 and our definition of a positive angle (counterclockwise in our case).
That is, once we have defined our N kernel, what is important is that the next (NW) kernel must be equal to

the N kernel rotated by +45°. The remaining kernels follow the same pattern of rotation, as Fig. P10.13(a)

shows.
-1 0 | () | | | | | | | ()
—1 0 | -1 0 | 0 0 0 1 () —1
-1 0 | -1 -1 () o | -1 -1 () -1 -1
N NW W SE
] () -1 () -] -] -] -] -] -1 -1 ()
] () -] l (0 -1 0 () () -] () 1
| () -1 | | () | 1 l () | 1
S SE E NE
Figure P10.13 (Part a)
Problem 10.14

(a) The solution is shown in Fig. P10.14(a). The numbers in brackets are values of [g,, g, ].
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- n pixels »‘
0

0 0 O 9 0 g 0 0 0 O 0 0 0 0
[1.1] [3.1] [4.0] [4,0] [4,0] [4.0] [3.-1][1.~1]

0 0 2 4 4 4 4 4 4 2 0 0
T [1,3] [3.3] [4.0] (4,0] [3.-3] [1.-3]

0 0 4 6 4 4 4 4 6 4 0 0
[0,4] [0.4] [0,0] [0,0] [0,-4] [0,~4]

0 0 4 4 0 0 0 0 4 4 0 0
[0.4] [0.4)] (0,~4] [0.-4]

., 00 4400 0 04 400
= 2 0.4] [0.4] f 10,~4] [0,-4]

0 0 4 4 0 0 0 0 4 4 0 0
[0.4] [0.4] [0,0] [0,0] [0.4] [0.4]

0 0 4 4 0 0 0 4 4 0 0
[-1,3][-3.-3][4,0] [=4,0][-3,~3][=1,-3]

,004644...446400
= [=1,1] [-3,1] [-4,0] [-4,0] [~4,0] [-4,0][-3,~1]{-1,-1]

0 0 2 4 4 4 . B "8 494 2 0 O

0 0 0 ¥ OW) 080 0 0 Og8m 0

Figure P10.14 (Part a)

Problem 10.15

(a) The smoothing kernel mentioned in the problem statement produces an average value at (x, y) given by

]?(Ia}’)="];§j‘ 2 <i

- zeS,
where 5., Is the region in the image spanned by the n x»n averaging kernel when it is centered at (x, y)
and the z, are the intensities of the image pixels in that region. The partial

of fox = F(x+1,y) - f(x)
is thus given by

— 1 1
af/ax=-;z-2- E = 2 4

L€y 7l %S5y

The first summation on the right can be interpreted as consisting of all the pixels in the second summation

minus the pixels in the first row of the kernel, plus the row picked up by the kernel as it moved from (x, y)

to (x+ 1, ¥). Thus, we can write the preceding equation as
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af/ax = i

Zza)+iz

: n+1
>, flky—

)= flk.y -

— LE(SUIH of p]}{EIS in Ist I'DW)) — ig 2 <
F zE-ESI_.}J
il g
1 2 n+1 1 : n+1
At k) - = - "
" 2}‘1—1 f(x * 2 ) " n-1 f( 2 )
k=y ——— AN
5 2
" el _
1 2 i+ 1

1
HE)

The edge magnitude image corresponding to the smoothed image, f(x,y), is then given by

Problem 10.16

(a) We proceed as follows:

M(x,y) = J(3F Jox)> + (3F [oy)’

GO 50
Average[VZG(x, y):l = / / VG(x,y)dxdy
—0 J—00

x°+y° =207

IE +:}»‘E

e 27 dxdy

L

=—/ .rea'z“’dy/

o

+ ——
‘3"4 /c:-:w
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- ({27 (o)
+ =(27e o )(V2mo)

2(2m0?)

2
o

=47 — 47

= ()
'The fourth line tollows from the fact that

o0 zi

. 1 <)
variance(z) = 0 = / z%e 20 dz
N2 |

and

s EE

1 ;
e 20 dz=1
2o /@3

Problem 10.17

(b) The answer 1s ves for functions that meet certain mild conditions, and 1if the zero crossing method is
based on rotational operators like the Lo function and a threshold of 0. Geometrical properties of zero
crossings 1n general are explained in some detail in the paper "On Edge Detection,” by V. Torre and T.
Poggio, IEEE Trans. Pattern Analysis and Machine Intell.; vol. 8, no. 2, 1986, pp. 147-163. Looking up this
paper and becoming familiar with the mathematical underpinnings of edge detection 1s an excellent reading

assignment for graduate students.

Problem 10.19

(a) From Eq. (10-32), we see that the DoG function is zero when

1 _I2+ yz 1 _IE+ yz
5 £ 20‘% — 5 e Za'%
27o; 290

taking the natural log of both sides yields

1| X+ y° I y
7 >—=1In 5 >
_27?0'1 ] 207 _21‘?0‘2 ] 205

In

combining terms,
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(x2+y2)%—%=1n 12 — In 12
2o 2oy, 2moy 2moy
- -
o
= In ﬂ-—%
[

I 1 T
ﬂ'z e = 111 —
2oy 2oy Kl
- - 2
Finally, solving for o~
ol vl
2
% b 0
v Y2

which agrees with Eq. (10-33).

Problem 10.20

(b) Direct implementation of 2-D spatial convolution requires »n°

multiplications at each location of

f(x,y), so the total number of multiplications is n* x M x N. On the other hand, 1-D convolution requires

n multiplications at each location of every row in the image, for a total of nx M x N multiplications for the

-pass along all rows. Then, n x M <X N are required for the pass along all columns, for a total of 2nMN

multiplications. 'The computational advantage, A, 1s then

A=ﬁMN
2nMN

i
2

which is independent of image size. For example, if n =25, A=125, so it takes 12.5 times more

multiplications to implement 2-1) convolution directly than it does to implement 1-I) convolution. This
agrees with Eq. (3-44) when m = n in that equation. Of course, the number of multiplications itself is very

much dependent on image size.

Problem 10.22

(a) The solution follows the same approach as in Problem 10.21, but using the 1-D) kernels in Fig. 10.13 to
implement Egs. (10-19) and (10-20).

Problem 10.23
(a) See Fig. P10.23(a).
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Edges and their profiles

Gradient images and their profiles

Figure P10.23 (Part a)

(c) See Fig. P10.23(c).

ANS T L

Images from Steps | and 2 of the Marr-Hildreth algorithm and their profiles

Figure P10.23 (Part c¢)

Problem 10.25
(b) 6 = cot™(2)=26.6° and p = (1)siné = 0.45.

Problem 10.26
(a) Point 1 has coordinates x =0 and y = 0. Substituting into Eq. (10-44) vields p =0 which is a straight

line ina plot of p vs. 6.

(b) Only the origin (0,0) would yield this result.

Problem 10.29

The essence of the algorithm is to compute at each step the mean value, 2, of all pixels whose intensities

are less than or equal to the previous threshold and, similarly, the mean value, r,, of all pixels with values
that exceed the threshold. Let p, = n,fn denote the ith component of the image histogram, where #, is

the number of pixels with intensity i, and » is the total number of pixels in the image. Valid values of i are in
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the range U0 < < L.—1, where L 1s the number on intensities and i 1s an integer. The means can be

computed at any step k of the algorithm using

I( k1)

my(k) = z -’:P.r:/P(k)

=0
where

I(k-1)

P(k)= Z Pi

I__
and

I-1

my(k)=" 3, ipf|1-Pk)]
i=I(k—1)+1
The term I(k—1) is the smallest integer less than or equal to T(k—1), and 7(0) is given. The next value
of the threshold 1s then

o+ 1 %[mi(k) +1m, (k)]

Problem 10.30

As stated 1n Section 10.3, we assume that the initial threshold 1s chosen between the minimum and

maximum intensities in the image. 'T'o begin, consider the histogram in Fig. P10.30. It shows the threshold at

the kth iterative step, and the fact that the mean m1,(k +1) will be computed using the intensities greater

than 7T(k) times their histogram values. Similarly, m,(k +1) will be computed using values of intensities

less than or equal to T(k) times their histogram values. Then, T(k+1) = 0.5[m,(k)+ m,(k)|. The proof

consists of two parts. First, we prove that the threshold i1s bounded between 0 and L —1. Then we prove

that the algorithm converges to a value between these two limits.

To prove that the threshold is bounded, we write T(k +1) = 0.5|m, (k) + m,(k)|. If m,(k +1)=0, then
my(k +1) will be equal to the image mean, M, and T(k+1) will equal M/2, which is less than L —1.1If

my(k +1) is zero, the same will be true. Both »; and m, cannot be zero simultaneously, so Tk +1) will

always be greater than O and less than L —1.

1o prove convergence, we have to consider three possible conditions:

1. T(k +1)=T(k), in which case the algorithm has converged.

2. T{k+1) < T(k), in which case the threshold moves to the left.

3. T(k+1) » T(k), in which the threshold moves to the right.
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In case (2), when the threshold value moves to the left, sz, will decrease or stay the same and s, will also

decrease or stay the same (the fact that s, decreases or stays the same is not necessarily obvious. If you

don’t see it, draw a simple histogram and convince yourself that it does), depending on how much the

threshold moved and on the values of the histogram. However, neither mean can increase. If neither mean

changes, then 7(k +2) will equal 7(k+1) and the algorithm will stop. If either (or both) mean decreases,

then 7(k+2) < T(k+1), and the new threshold moves further to the left. This will cause the conditions

just stated to happen again, so the conclusion is that if the thresholds starts moving left, it will always move

left, and the algorithm will eventually stop with a value 7" > 0, which we know is the lower bound for 7.

Because the threshold always decreases or stops changing, no oscillations are possible, so the algorithm is
guaranteed to converge in a finite number of steps.

Case (3) causes the threshold to move to the right. An argument similar to the preceding discussion
establishes that if the threshold starts moving to the right it will either converge or continue moving to the
right and will stop eventually with a value less than L. — 1. Because the threshold always increases or stops

changing, no oscillations are possible, so the algorithm is guaranteed to converge.

Histogram
values

A

++++

L
-
llllllll

m— e = e Intensity
¥ Intensitics k) Intensities fi—1

used to compute used to compute

m:[ﬁ'. + 1) my(k + 1)

Figure P10.30

Problem 10.32

We know from Problem 1032 that if the initial threshold value is selected between the minimum and
maximum 1ntensity values, the algorithm 1s guaranteed to converge. However, nothing is stated in the proot

about the final value being independent of the initial value. It stands to reason to conclude that the
threshold value at convergence is influenced by the shape of the image histogram. Consequently, we may
expect that in general the final value will be influenced by the starting value. We can show that this is true
using a simple example. Let f=[012;345;67 8]/8. If we choose an initial value of 0.1, the algorithm will

converge to 7 = 0.4688. If we start with 7 = 0.8, the algorithm converges to 7' = 0.5313.
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Problem 10.33

(a) For a uniform histogram, we can view the intensity levels as points of unit mass along the intensity axis

of the histogram. Any values m1,(k) and m,(k) are the means of the two groups of intensity values (; and

(r,. Because the histogram is uniform, these are the centers of mass of (; and G,. We know from the

solution of Problem 10.30 that 1t T starts moving to the right, it will always move in that direction, or stop.

The same holds true for movement to the left. Now, assume that 7(k) has arrived at the center of mass
(average intensity). Because all points have equal "weight” (remember the histogram is uniform), if

T'(k+1) moves to the right (, will pick up, say, O new points. But (, will lose the same number of points,

so the sum 1, +m, will be the same and the algorithm will stop.

Problem 10.34

(a) A, = A, and o, = 0, = o, which makes the two modes identical [this is the same as Problem 10.33(b)|.

(b) You know from Problem 10.33 that if the modes were symmetric and i1dentical, the algorithm would

converge to the point midway between the means. In the present problem, the modes are symmetric but
they may not be identical. 'Then, all we can say 1s that the algorithm will converge to a point somewhere

between the means (from Section 10.3 we know that the algorithm must start at some point between the

minimum and maximum image intensities). So, if both A; and A, are greater than 0, we are assured that

the algorithm will converge to a point somewhere between m1; and mi,.

Problem 10.35
(a)
o = B(m —mg)* + By(my —mg )
= P [(my — (P "'szz)]z + B|(my — (Pymy + szz)]z
= P[(my — my(1- B))— B,my))* + By[(m, — my P — my (1= B))]
= 1:P2m1—P2m2]2+P2[P1m2—P1m1]2
= PP (my —my ) + PP (my =)
= (my —m, Y [B P + P, P]
= (my —m, )[R By(B, + B,)]
=P1P2(ml—m2)2

where we used the facts that m, = P, + P, and P, + P, =1. This proves the first part of Eq. (10-60).

Problem 10.37
From the definition in Eq. (10-57).
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where

U% = Pl(ml_m(_?)z + P, (m, _”’EG)Z

= Plpz(ml_mz)z

and

s B 2
T = 2(5_?“{3) Pi
i—0

As in the text, we have omitted k in o3 for the sake of notational clarity, but the assumption is that

0 €k < L-1. Asexplained in the book, the minimum value of n1s zero, and it occurs when the 1mage 1s

constant. It remains to be shown that the maximum value 1s 1, and that 1t occurs for two-valued 1mages with

values Oand . —1.

From the second line of the expression for o3 we see that the maximum occurs when the quantity

(m; —m,)* is maximum because P, and P, are positive. The intensity scale extends from 0 to L —1, so the

maximum difference between means occurs when my =0 and m, = L.—1. But the only way this can

happen 1s 1f the variance of the two classes of pixels 1s zero, which implies that the image only has these two
values, thus proving the assertion that the maximum occurs only when the image 1s two-valued with

intensity values U and L. — 1. It remains to be shown that the maximum possible value of i 1s 1.

When my =0 and m, = L -1,
”'JEE = P1P2(m1_m2)2
= PlPZ(L—l)E

For an image with values U and L —1,

-1
U'E’; = 2 (i —mg )ZP;:

i=0

k ¥
=2(f:—”’1r3)2p1 T 2 (5—”’1{3)2132
i=0

i=k+1
=(0—m )P, +(L-1-m;)*P,
From Eq. (10-55)

mqg = Fimy + bm,
= Z(L_l)

SO,
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o6 = (0=mg) P +(L—1—mg)° P,
- PXL-1B, + (L-1)1- B,
=(L-1)(PP + P'R)
=(L-1*P,P(P,+P)
= PBA(L- 132

where we used the fact that P, + P, =1. We see from the preceding results for o3 and o5 that o f ok =1

when the 1mage 1s two-valued, with values O and L — 1. This completes the proof.

Problem 10.38
(a) Let R, and R, denote the regions whose pixel intensities are greater than 7 and less or equal to 7,

respectively. The threshold 7' i1s an intensity value, so it gets mapped by the transformation function to the

value 7' =1-7. Valuesin R, are mapped to R{ and values in R, are mapped to R]. The important thing
1s that all values in R/ are below 7" and all values in Rjare equal to or above 77.The sense of the

inequalities has been reversed, but the separability of the intensities in the two regions has been preserved.

Problem 10.40

(a) The first column would be black and all other columns would be white. The reason is that a point in the
segmented 1mage is set to 1 if the value of the image at that point exceeds b at that point. But & = 0, so all
points In the image that are greater than 0 will be set to 1 and all other points would be set to 0. But the only

points in the image that do not exceed 0 are the points that are 0, which are the points in the first column.

Problem 10.42
The region splitting is shown in Fig. P10.42(a). The corresponding quad tree is shown in Fig. P10.42(b).

]
R, R
RI] R'.: R:J R
{R)
gt
R ah
R |..' R:J ,_,:.‘1.,_
R MRR IR CRRORDCR
o . - I
o A ROYRDIERDR
(R (R) e
RNRIRDIRD (RMRDRICR
Ry R EDEX L QWA
-...r: \:\-: =
R YRy ) (R (R
|
: (b)
R, R R.. R..
R. R,
(a)
Figure P10.42
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Problem 10.45
Equation (10-105)

(D-W)y =Dy
can be written as
(D - W)(D2D"Y?)y = ADy
Pre-multiplying both sides by D2 gIves us
D 2(D-wW)D DYy = AD Dy

But D™’D = DY, so the previous equation becomes

D—le(D . W)D_UZDUZ}’ 2 )LDUZ)’

Letting
A=D*D-WD?
which agrees with Eq. (107), and
z = DY zy

which agrees with Eq. (108), we have the standard eigenvector eigenvalue result

Az = Az

which agrees with Eq. (10-106).

Problem 10.47

(a) The elements of T|n| are the coordinates of points in the image below the plane g(x,y)=n, where n is

an integer that represents a given step in the execution of the algorithm. Because n never decreases, the set

of elements in 7|n —1]| is a subset of the elements in 7[#]. In addition, we note that all the points below the
plane g(x,y)=n-1 are also below the plane g(x,y)=n,so0 the elements of T|n| are never replaced.
Similarly, C,(M,) is formed by the intersection of C(M;) and T|n|, where C(M,) (whose elements never
change) is the set of coordinates of aff points in the catchment basin associated with regional minimum M,.

Because the elements of C(M,) never change, and the elements of 7T[n| are never replaced, it follows that

the elements in C,(M,) are never replaced either. In addition, we see that C,_,(M,) C C, (M,).
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Problem 10.49

The first step 1n the application of the watershed segmentation algorithm i1s to build a dam of height

max+ 1 to prevent the rising water from running off the ends of the function, as shown in Fig. P10.49(b).

For an 1mage function we would build a box of height max+1 around its border. The algorithm 1s

initialized by setting C[1]=7]1]. In this case, T[1]={g(2)}, as shown in Fig. P10.49(c) (note the water

level). There is only one connected component in this case: QO|1]|={g,} = {g(2)}.

Next, we let n =2 and, as shown in Fig. P10.49(d), T|2]|={g(2),g(14)} and O|2} ={g,;9,}, where, for
clarity, different connected components are separated by semicolons. We start construction of C|2} by
considering each connected component in Q|2]. When g =g¢,, the term gMNC|1l] is equal to {g(2)}, so
condition 2 is satisfied and, therefore, C|2|={g(2)}. When g=¢q,, gNC|l|=© (the empty set) so
condition 1 is satisfied and we incorporate g in C|2|, which then becomes C|2|={g(2);¢(14)} where, as

above, different connected components are separated by semicolons.
When n=3 |Fig. P10.49 (e)]|, T]3|=1{2,3,10,11,13,14} and Q|3|={gy:9,:95} = {2,3;10,11;13,14} where,

in order to simplify the notation we let & denote g(k). Proceeding as above, g, NC[2|={2} satisfies

condition 2, so g, is incorporated into the new set to yield C[3]|=1{2,3;14}. Similarly, g, NC|2| =& satisfies
condition 1 and C|3]|=1{2,3;10,11;13,14}. Finally, g3 1 C|2] = {14} satisfies condition 2 and C|[3] = {2,

3;10,11;13,14}. It is easily verified that C|4| = C|3] = {2, 3;10,11;13,14}.
When n=>3 | Fig. P10.49(1)], we have, 1715]=12,3,5,6,10,11,12,13,14} and

Q5] =1{g1:9,:95} = {2,3;5,6;10,11,12,13,14} (note the merging of two previously distinct connected
components). It is easily verified that gl M C|4] satisfies condition 2 and that g, MC[4] satisfies condition 1.

Proceeding with these two connected components exactly as above yields C[5] =1{2,3;5,6,10,11;13,14} up to

this point. Things get more interesting when we consider g;. Now, ¢, M C|4|=1{10,11;13,14} which, because
it contains two connected components of C|4], satisfies condition 3. As mentioned previously, this is an

indication that water from two different basins has merged and a dam must be built to prevent this

condition. Dam building 1s nothing more than separating g, into the two original connected components. In
this case, this is accomplished by the dam shown in Fig. P10.49(g), so that now g, = {¢;,;¢93,} = {10,11;13,14}.
Then, g3 NCl4] and g5, NC|4] each satisfy condition 2 and we have the final result for n =3,
C[5]=12,3;5,6;,10,11;13;14}.

Continuing in the manner just explained yields the final segmentation result shown in Fig. P10.49(h),

where the “edges™ are visible (from the top) just above the water line. A final post-processing step would

remove the outer dam walls to yield the inner edges of interest.
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Problem 10.51

(a) True, assuming that the threshold 1s not set larger than all the differences encountered as the object
moves. The easiest way to see this 1s to draw a simple reference 1mage, such as the white rectangle on a
black background. Let that rectangle be the object that moves. because the absolute ADI 1image value at
any location 1s the absolute difference between the reference and the new 1image, it 1s easy to see that as the
object enters areas that are background 1n the reference image, the absolute difference will change from
zero to nonzero at the new area occupled by the moving object. Thus, as long as the object moves, the

dimension of the absolute ADI will grow.

Problem 10.53

Recall that velocity 1s a vector, whose magnitude 1s speed. Function g, 1s a one-dimensional "record” of the

position of the moving object as a function of time (frame rate). The value of velocity (speed) is determined
by taking the first derivative of this function. To determine whether velocity 1s positive or negative at a

specific time, r, we compute the instantancous acceleration (rate of change of speed) at that point; that is

we compute the second derivate of g,. Viewed another way, we determine direction by computing the
derivative of the derivative of g,. But, the derivative at a point 1s simply the tangent at that point. If the

tangent has a positive slope, the velocity 1s positive; otherwise 1t 18 negative or zero. because g, 1S a

complex quantity, 1ts tangent 1s given by the ratio of its imaginary to its real part. This ratio 1s positive when

51, and 5,, have the same sign, which 1s what we started out to prove.

Problem 10.55

(a) It is given that 10% of the image area in the horizontal direction is occupied by a bullet that is 2.5 cm
long. Because the imaging device is square (256 x 256 elements) the camera looks at an area that is 25 cm x
25 cm, assuming no optical distortions. Thus, the distance between pixels is 25/256 =0.098 cm/pixel. The
maximum speed of the bullet 1s 1000m/sec = 100,000 cm/sec. At this speed, the bullet will travel

100,000/0.98 = 1.02 x 10° pixels/sec. It is required that the bullet not travel more than one pixel during

exposure. That is, (1.02 x 10° pixels/sec) x Ksec < 1 pixel. So, K < 9.8 x 107" sec.

(¢) In a flashing situation with a retlective object, the images will tend to be dark, with the object shining

brightly. The spatial techniques discussed 1n Section 10.8 would then be quite adequate.
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Chapter 11

Problem Solutions

Problem 11.1
(a) The solution is shown in Fig. P11.1(a), where the black pixel is b,, the starting point, and the dark gray

point 1s by, the next boundary point found by the algorithm, ;. As mentioned 1n the book, the algorithm

stops when it returns to 5§, and the next point found after that is b, .
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| | | | ] A | | 1 || blc
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Figure P11.1(a)

Problem 11.2
(a) The algorithm would start at point (2,4). At that point, b =(2,4) and ¢ =(2,3). It would end at point

(3,3). At that point, »=(3,3) and ¢=(3,2). The end point is at coordinates (3,5). The algorithm would
arrive at this point from point (2,4). At the end point, b =(3,5) and ¢ =(2,5). The next step would be to

look for the first 8-neighbor proceeding clockwise from ¢. That point would be (2,4) again, so the

algorithm would visit that point twice.

Problem 11.3

(a) We look at the Freeman chain code of a closed curve as a circular set of numbers. Selecting the starting
point as the beginning of the smallest integer means that we have examined all starting possibilities and
selected the one giving the smallest integer. /e smallest integer, can only be one number, so that number 1s

unique. Therefore, the starting point is unique.
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Problem 11.4

(a) The first difference only counts the number of directions that separate adjacent elements of the code.

Because the counting process 1s independent of direction, the first difference 1s independent of boundary

rotation. (It is worthwhile to point out to students that the assumption here is that rotation does not change

the code itself ).

Problem 11.5

(a) The answer 1s yes, assuming that the boundary i1s used without subsampling. ''hen, because it 1s 4-
connected, any transition from one point to the next i1s by definition in one of the four directions shown in
Fig. 11.3(a). An SCC, applied to such a curve, would only have four possible slope changes, which could be
correlated to the four Freeman directions in Fig. 11.3(a). Because the boundary is not subsampled, the
separation between pixels 1s unity, so setting the length of the straight-line segment using SCCs would yield

a code that 1s equivalent to the Freeman code.

Problem 11.6

With reference to Fig. 11.6(d), an accuracy of 10" means that angle increments are 0, 0.1, £0.2,... £ 0.9.

Because 1 are excluded, the preceding increments total to 19 symbols.

Problem 11.7

(a) As a square boundary 1s traversed there are four slope changes. In order to return to the starting point
(the curve is closed and convex) the sum of the slope changes equals a complete revolution around Fig.

11.6(d). Tortuosity is equal to the sum of the absolute values of the changes. The four slope changes are

equal in magnitude: 0.5+ 0.5 +|-0.5| +|-0.5| = 2 (the order depends on where we start). So, the tortuosity is
2.

(b) If a circle 1s approximated by » straight-line segments of equal length, the number of slope changes as
we traverse the circle is # because the circle is a closed convex curve. As in (a), returning to the starting
point is one revolution around Fig. 11.6(d), so the sum of the absolute values of the slope changes must

equal 2.

Problem 11.8

We give a simple, intuitive argument. Let P denote the uppermost-leftmost point (vertex) of a polygon. Let
B denote the point (vertex) immediately before P as we travel the polygon in the counterclockwise
direction. Similarly, let A be the point (vertex) immediately after P. The angle of vertex P is determined by
the angle sustained by sequence BP A as we travel counterclockwise through the polygon.

Consider Fgure P11.8 which shows three vertices of a polygon, one of which 1s P. Because P 1s assumed
to be the leftmost point, there are no other points in the polygon that are to the left of 1t. Now consider a

straight line joining points A and B. The only way the P can be the leftmost and uppermost point
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simultaneously is if it lies on the left side of that line. But if it does, then the angle of the vertex at P must be
convex. The same argument holds if we travel in the clockwise direction, 1n which case the labels A and B

would be simply interchanged in the figure.

Figure P11.8

Problem 11.10

(a) The rubber-band approach forces the polygon to have vertices at every inflection of the inner and outer
walls that surround the gray cell wall illustrated in Fig. 11.7. Because the vertices are joined by straight lines,
and the resulting curve is convex, this produces the minimum-perimeter polygon for any given wall

configuration, as defined 1n the discussion in the Section 11.2

Problem 11.11

(a) When the B vertices are mirrored, they coincide with the two white vertices in the corners, so they
become collinear with the corner vertices. The algorithm 1gnores collinear vertices, so the small indentation

will not be detected.

(b) When the indentation is deeper than one pixel (but still 1 pixel wide) we have the situation shown in
Fig. P1111. Note that the B vertices cross after mirroring. Referring to the bottom figure, when the
algorithm gets to vertex 2, vertex 1 will be identified as a vertex of the MPP, so the algorithm is initialized at

that step. Because of initialization, vertex 2 is visited again. It will be collinear with W~ and V;, so B- will
be set at the location of vertex 2. When vertex 3 is visited, sgn(V;,W_.,V,) will be 0, so B. will be set at

vertex 3. When vertex 4 is visited, sgn(1,3,4) sgn(1, 3.4) will be negative, so V; will be set to vertex 3 and

the algorithm 1s reinitialized. Because vertex 2 will never be visited again, it will never become a vertex of
the MPP. The next MPP vertex to be detected will be vertex 4. Therefore, indentations 2 pixels or greater n
depth and 1 pixel wide will be represented by the sequence 134 in the second figure. Thus, the algorithm

solves the crossing caused by the mirroring of the two B vertices by keeping only one vertex. This i1s a
general result for 1-pixel wide, 2-pixel (or greater) deep intrusions.
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Problem 11.12
(a) The solution is shown in Fig. P11.12(a).

a — wmngent angle (deg)

150 |

"

_uf_ - i L L
- 0 . -
a W, ¢ 4 Boundary

Figure P11.12(a)

Problem 11.13
(a) From Fig. P11.13(a), we see that the distance from the origin to the triangle is given by

D
r(f) = g 0° < @ < 60°
cos
Dy -
= . 60° < 0 < 120°
cos(120° = 8)
Ly .
" 120° < 6 < 180°
cos(180° — A) SR
D
= 2 180° < () < 240°
cos(240° — 8)
D) .
= < 240° < 0 < 300°
cos(300° - #)
D{I

- 300° < 6§ < 360°
c0s(360° — 0) = ’

where D, 1s the perpendicular distance from the origin to one of the sides of the triangle, and
D = D, [cos(60°)=2D,. Once the coordinates of the vertices of the triangle are given, determining the

equation of each straight line is a simple problem, and D, (which is the same for the three straight lines)

follows from elementary geometry. The signature 1s shown next to the plot.
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Figure P11.13(a)

Problem 11.14

(a) Threshold a waveform to isolate the peaks. In the thresholded result, look for croups on contiguous
points separated by a group of zeros. Three distinct groups of nonzero values imply three peaks, and thus a
rectangle. Four groups implies a square. Choose the value of the threshold at approximately 0.6 of the
maximum value of the waveforms. This will guarantee that only dominant peaks are detected (see Fig.
11.11). The thresholding approach is more rugged than looking for the peaks themselves.

Problem 11.15

(a) The answer 1s a single point:

Figure P11.15(a)

(b) See Fig. P11.15(b)

Figure P11.15(b)
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Problem 11.16

(a) The number of symbols in the first difference 1s equal to the number of segment primitives in the

boundary, so the shape orderis 12.

Problem 11.17

With reference to Chapter 4, the DEFT can be real only if the data sequence 1s conjugate symmetric. Only
contours that are symmetric with respect to the origin have this property. The axis system of Iig. 11.18
would have to be set up so that this condition 1s satistied for symmetric figures. This can be accomplished by

placing the orgin at the center of gravity of the contour.

Problem 11.19

The mean 1s sutficient.

Problem 11.21

This problem can be solved by two descriptors: holes and the convex deficiency (see Section 9.5 regarding
the convex hull and convex deficiency of a set). The decision making process can be summarized in the
form of a simple decision, as follows: If the character has two holes, 1t is an &. If it has one hole it1s a0 or a
9. Otherwise, 1t 1s a 1 or an X. To differentiate between 0 and 9 we compute the convex deficiency. The
presence of a “significant™ deficiency (say, having an area greater than 20% of the area of a rectangle that
encloses the character) signifies a 9; otherwise we classify the character as a 0. We follow a similar
procedure to separate a 1 from an X. The presence of a convex deficiency with four components whose
centroids are located approximately in the North, Hast, West, and East quadrants of the character indicates
that the character 1s an X. Otherwise we say that the character 1s a 1. This 1s the basic approach.
Implementation of this technique in a real character recognition environment has to take into account other
factors such as multiple “small” components in the convex deficiency due to noise, differences in
orientation, open loops, and the like. However, the material in Chapters 3, 9 and 11 provide a solid base
from which to formulate solutions. In practice, recognizing such characters would most likely be done using

neural networks, as discussed in Chapter 12.

Problem 11.22

(b) Normalize the matrix by dividing it by the sum of 1ts components: 39800:

[0.4925  0.0050°
0 05025

S0, pyy = 04925, p, =0.005, p21 =0, and p,, = 0.5025

Problem 11.24
(a) The image 1s
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O =D - O
— D = O
o - R =
_— O = D
o =D O

Let z; =0 and z, =1. Because there are only two intensity levels, matrix G 1s of order 2 x 2. Element g,
1s the number of pixels valued O located one pixel to the right of a 0. By mspection, g;; =0. Similarly,

g =10, g, =10, and g, =0. The total number of pixels satisfying the predicate P 1s 20, so the

normalized co-occurrence matrix 1s

0.5 €0

Problem 11.25

When assigning this problem, the Instructor may wish to point the student to the review of matrices and

vectors 1n the book website.

(a) From Eq. (11-49),

A(X—m,)

€
|

Then,

my = E*}’}= E{A(K—mx)}
= A|E{x} - E{m}|
= A(mx _mx)
= 0.

which proves the validity of Eq. (11-50). To prove the validity of Eq. (11-51), we start with the definition of

the covariance matrix in Eq. (11-48):

C, = E{(y—my)(y-m,)"}

Because m, =0, it follows that

C, = E{yy"}
= E{[A(x-m,)][A(x—m,)]'}
= AE{(x-m )(x—m,) JA"
= AC_ A"
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Problem 11.26

The mean square error, given by Eq. (11-55), is the sum of the eigenvalues whose corresponding
eigenvectors are not used in the transformation. In this particular case, the four smallest eigenvalues are

applicable (see Table 11.6), so the mean square error is

Ems = 2, A; = 1729

O
!
j=3

The maximum error occurs when k =0 in Eq. (11-55) which then is the sum of all the eigenvalues, or 15039

in this case. Thus, the error incurred by using only the two eigenvectors corresponding to the largest

eigenvalues is just 11.5 % of the total possible error.

Problem 11.29

We can compute a measure of texture using the expression

1
1+ ﬂ'z(x,y)

R(I,_}’) =1-

where o”(x,y) is the variance of the intensity values computed in a neighborhood of (x,y). The size of the

neighborhood must be sufficiently large to contain enough samples to have a stable estimate of the mean
and variance. Neighborhoods of size 7x7 or 9x9 generally are appropriate for a low-noise case such as this.

Because the variance of normal waters 1s known to be 400, we can obtain a value considered normal for

R(x,y) by using o*(x,y) =400 in the equation above. An abnormal region will have a variance of about

(50 = 2500 or higher, yielding a larger value of R(x,y). The procedure then is to compute R(x,y) at
every point (x,y) and label that point as O if it is normal and 1 if it is not. At the end of this procedure we

look for clusters of 1°s using, for example, connected components (see Section 9.5 regarding computation of

connected components). If the area (number of pixels) of any connected component exceeds 400 pixels,

then we classify the sample as defective.

Problem 11.30

(a) The noisy points that are common to all three patches.

Problem 11.31

(a) Let M be a general 2 X2 matrix:

We know from basic matrix theory that the eigenvalues of M are the solution to the quadratic equation

Copyright 2002-2017 R. C. Gonzalez & K. E. Woods Version 1.0 2017-07-20 Page 151 of 166



dettM — Al)=0
where L1s the 2 X2 1dentity matrix. Then, using the definition of the determinant, we have

a— A b

p d_h=0=(ﬂ_)")(d_)"-)_b£=)t2—(ﬂ+d))t+(ﬂd_bc)=0

This i1s the equation that must be solved for A. Using the definitions Tr(M)=a+d and

det(M) = (ad — bc), we can express the equation to solve as:

A7 —tr(MDA + det(M) = 0

from which we get the general solution:

tr(M) £ /[tr(M)]> — 4 det(M)
2

Aps Ay =

Problem 11.32

All the border points of R, in [ are either 5 or the value of the boundary of the image, which is given in the

problem statement to be 0. For any point p in K, , and any point g in the boundary of R,, Eq. (11-64),

Vpe R, and Vg € boundary(R,): I{ p) > I{q)

holds, and R, 1s indeed an extremal region.

Problem 11.34

As 1n the book, using G instead of the g given in the problem statement, we write that statement as

90 _ oV’G
do

We approximate the derivative as

dG  G(x,y,ko) — G(x,y,0)

do ko — o

Then,

Gx,v,ka) — G(x,y,0)

ko — o

=~ oV°G
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or

G(x,y,ko) — G(x,y,0) = (k — D)o*V*G

which agrees with Eq. (11-70).

Problem 11.35

(b) The last image that can be down-sampled by 2 1s of size 2 X 2, vielding an image of size 1 x1. T'o get

from size 2" x 2" tosize 1x1 (ie., 2° x2") requires down-sampling the original image » times. The total

number of different size 1images 1s therefore n. There 1s an octave per valid 1image size, so the total number

of octaves 18 11 also.

Problem 11.37
(a) From Eq. (11-71),

D(x)=D + (VD)'x + %fﬂx

The terms D,(VD), and H are evaluated at the sample point, so they are constant with respect to x. Taking

the derivative with respect to x and setting the result to O gives us

dD(x g1 T
a:i )=(‘?D) +§[21§: H]:O

The x that satisfies this equation is
x'H=-(VD)
or
k' =—(VD) H

Taking the transpose of both sides of this equation we get

o >
|
I

(VD) H‘l]T

= ((VD)T)

=-H"' (VD)

7

where the third step follows from the fact that H™ is symmetric because H is.
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Chapter 12

Problem Solutions

Problem 12.1

(a) By inspection, the mean vectors of the three classes are, approximately, m, =(1.5,0.3)",

m, = (4.3,1.3)T, and m; = (5.5,,2.1):r for the classes Iris setosa, versicolor, and virginica, respectively. The

decision functions are of the form given in Eq. (12-4). Substituting the preceding values of mean vectors

gIves:
d(x)=x"m,; — %mfml = 1.3%6 + 0.3x, — 1.2
T 1 g
d(x)=x"m, — 5 g = 43x, +1.3x, - 10.1
d;(x)=x"m,; - %mgmg =5.5x; +2.1x, - 17.3
Problem 12.2

From the definition of the Euclidean distance,

! !

D,(x) = x-m, |= I:(K_m')T(K—m.):IUE

Because D;(x) is non-negative, choosing the smallest D,(x) is the same as choosing the smallest D?(K) in

terms of classification, where

D?(ﬂ) =| x—m, P=(x- “l;')T(K —m,)

T T i
=X X—2X m; + m; my

= KTK—Q[XTmf —lm?m.]
2 ! !

We note that the term x'x is independent of j (that is, it is a constant with respect to j in D}z(x) ). Thus,

1

choosing the minimum of D}Z(K) is equivalent to choosing the maximum of x' m Ta Em?m 3

Problem 12.4

Figure P12.4 shows the solution, where the x's are treated as voltages and the Y's denote impedances. From

basic circuit theory, the currents, I's, are the products of the voltages times the impedances. As the figure
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shows, these products can be expressed in the same form as the decision functions of the minimum distance
classifier. Implementing one resistor bank per decision function and selecting the maximum result is

precisely what a minimum-distance classifier does.

o maximam
selecior

Figure P12.4

Problem 12.5

Assume that the template, 20, is of size J x K. For any value of displacement (x, y), we can express both

the area of the image under the template, and the template itself , in vector form by letting the first row of
the subimage under the template represent the first X elements of a column vector a, the elements of next

row the next X elements of a, and so on. At the end of the procedure we subtract the average value of the

intensity levels in the subimage from every element of a. The vector a is of size JK x1. A similar approach

yields a vector, w of the same size as a, for the template w0 minus its average. ( Yypically the template is

much smaller than the image. We make it the same size by padding it with 0's). Vector w does not change

as (x,y) varies because the coefficients of the template are constants. With this construction in mind, we

see that the numerator of Eq. (12-10) is simply the vector inner-product a’e. Similarly, the first term in the

denominator 1s the norm squared of a, denoted by a’'a =||a||2, while the second term has a similar

interpretation for w. The correlation coefficient then becomes

v

y(x, y) :—m-a —
7T alllle

When a = w (a perfect match), y(x, v) =| a|*/||«||||« || =1, which is the maximum value obtainable by the
above expression. Similarly, the minimum value occurs when a = —e, in which case, y(x,y)=1. Thus,
although the vector a varies in general for every value of (x,y), the values of y(x, y) are all in the range

[-1,1].

Problem 12.7
¢ =0 implies that max(‘AHBD = M. Suppose that |A| > |B|. Then, it must follow that |A|= M and,

therefore, that A =‘B‘. But M 1s obtained by matching A and B, so 1t must be bounded by
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M < min(‘AMBD. Because we have stipulated that |A| > ‘BL the condition M < min(‘AL

M < ‘B‘ But this contradicts the above result, so the only way for max (‘A

B|) implies that

|B|)=M to hold is if |A|=|B].

This, in turn, implies that A and B must be identical strings (A = B) because ‘A‘ = ‘B‘ = M means that all

symbols of A and B match. The converse result that it A=5 then (=0 follows directly from the

definition of Q.

Problem 12.9

(a) Because 1t 1s given that the pattern classes are governed by (Gaussian densities, only knowledge of the

mean vector and covariance matrix of each class are needed to specity the Bayes classifier. Substituting the

given patterns into Eqgs. (12-29) and (12-30) we obtain

and

H]1=

Because C,; = C, =1, the decision functions are the same as those of a minimum-distance classifier:

The decision boundary is given by the equation d(x)=d,(x)—d,(x)=0, or

d(x)= mel — Eml

d,(x) = meZ = Emz

(b) Figure P12.9 shows this boundary in pattern space.

Copyright 2002-2017 R. C. Gonzalez & K. E. Woods
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Figure p12.9

Problem 12.12
From basic probability theory,

p(correct) = Z p(correct/x)p(x)

For any pattern belonging to class ¢;, p(correct/x)= p(¢;/x). Therefore,
p(correct) = > p(c, [x)p(x)

Substituting into this equation the formula p(c, /x) = p(x/¢;) p(c,){ p(x) gives

p(correct) = 2 p(x/ ¢; )p(c;)

Because the argument of the summation is positive, p(correct) is maximized by maximizing p(x/c,)p(c;)
for each j. That is, if for any pattern x we compute p(xfc;)p(¢;) for j=1,2,.,N,, and use the largest value
each time as the basis for selecting the class from which x came, then p(correct) will be maximized.

Because p(error)=1- p(correct), the probability of error is minimized by this procedure.

Problem 12.14
We begin by taking the partial derivative of J with respect to w:

aai, = ;[ysgu(wTy) 4 |

where, by definition, sgn(e’y)=1 if w’'y>0, and sgn(ew’y)=—-1 otherwise. Substituting the partial

derivative into the general equation given in the problem statement gives
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wik +1)=w(k) + —y(k) ~ y(k)sgn[ (k) y(k)]}

where y(k) is the augmented training pattern

definition of the sgn function into this result yiel

wk+1)=wlk) + ﬂi{

being processes at the kth iterative step. Substituting the
ds..

0 ifwk)yk) >0
y( k) otherwise

where o >0 and aw(1) is arbitrary. This result agrees with the expression given in the problem statement.

Problem 12.15

Let the set of augmented training patterns be denoted by y,,¥,,....,¥5. It 1s assumed that the training

patterns of class ¢, have been multiplied by -1

. If the classes are linearly separable, we want to prove that

the perceptron training algorithm yields a solution weight vector, w*, with the property

w

y; > 1 L1

for i =1,2,...,N, where 1 1s a nonnegative threshold. As stated in the problem statement, the perceptron

training algorithm (with e =1) is stated as

wk+1)=wlk) + 4

0 ifwk)yk)>T, )

y(k) otherwise

Suppose that we retain only the values of & for which a correction takes place (these are the only indices of

interest). Then, re-adapting the index notation, we may write

w(k +1)=w(k)+y,(k) (3)

and

w(k)' y;(k) < T, (4)

where the subscript j refers to the pattern vectors involved in the corrections. Convergence means that for

some finite value, £,

w(k,,)=w(k, +1)=wlk, +2)="-

We prove convergence by proving that &, 1s finite.

The proof of convergence begins by noting from Eq. (3) that,
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wik+1)=w(l)+y;(1)+y,(2) +-+ y; (k)

(3)

Keep in mind that we redefined the iterative step values to those values in which corrections were make.

Thus, the values 1,2,...,k are values that refer to instances where corrections were made. Taking the inner

product of the solution weight vector with both sides of the preceding equation we get
w' (k+Lw* =w' (LDw*+y," (Lw* +y, (2w *+--+y, (k)w*
Each term y}.T(.i)w * is less then or equal to 7, so
w' (k+Dw* =2 w' (Dw* + kT,

a|*|b|* = (a"b)* results in the expression

Using the Cauchy-Schwartz inequality,

2
Lw' (k+Dw*| < w0 (k+1) [P[lw* P

or,

[fwT(k + 1)w *]2

il

[w (k+1)[" =

| w

Substituting Eq. (7) into Eq. (9) we obtain

(! (1w ™+ KT, |

* |

[w' (k+1)|F =

| w

Another line of reasoning leads to a contradiction regarding || w' (k + 1) |. From Eq. (3),

[ w(2+1) [F= w(e) |* + 2" (Oy;(£) + | y,(O) |

[ w(Z+ D" = [ w(e) "= 20" (Oy,(2) + | y;(O)IF

Let Q= ma}{(H y;(£) HZ) Then, because w(£)'y,;(¢) < T,
j

[w(e+1)F — [ w(O)|* <27 + Q

(6)

(7)

(8)

()

(10)

(11)

(12)

(13)
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Adding these inequalities for ¢ =1,2,...,k yields
[w(z+D) [P < [[w@)|F +[27;, + O]k (14)

This inequality establishes a bound on || w(£ +1) || that conflicts for sufficiently large k with the bound in
Eqg. (10). In fact, & can be no larger that &

> which 1s a solution to the equation

W Ww* + kT,
O Bl iy + o1+ 0 (14

This equation indicates that k,, is finite, thus proving that the perceptron training algorithm converges in a

finite number of steps to a solution weight vector w * 1if the pattern classes are linearly separable.

The special case 1, = 0 is proved in a slightly different way. In this case, we Eq. (7) becomes

w (k+Dw* = w' (Dw* + ka

where

a = H{Tjn[yf(f)w *]

Because w* 1s a solution weight vector by hypothesis, we know that yf(f)w* > 0. Also, because

|w(+1)|F = [w() | < |y, (O]
< Q

The rest of the proof remains the same. The bound on the number of iterative steps before a solution is the

value of k,, that satisties the following equation

[w (Dw* + kT, ]

*|F

=[lw()[" + Ok,

| w

Problem 12.16
(©) A(z)= max(0, z)

The function 1s not continuous at z =0, so the derivative 1s not defined there. But we handle this by
defining the derivative at that point to be 0. Then,
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' d |
d —(z) ifz>0
dz

M@=gﬁmﬂﬁﬂ=<
% 0 ifz <0
1 ifz >0
o ifz <0

Problem 12.17

T'he single decision function that implements a minimum-distance classifier for two classes in n-dimensional

space has the form

dpp(x) = dy(x) = dy(x) = (m; —m, )T X %(“HTHH > szmz)

A single neuron with # inputs performs the computation

i
Z = Zwkak + b
k=1
—wia+ b

As you can see, this 1s exactly the same form as above, so out neural network 1s a two-layer network: an

input layer whose values are the value of the input vector x, (so that a, = x,,) and an output layer consisting

of a single neuron with weights

W, =My, — My k=12,....n
and bias
b——l(me —me)
— 5 o, e LLE)

The network has no hidden layers. If we use a tanh activation function, after the weights and bias are

learned via tramning, this neural network will have an output > 0 for patterns of one class and <0 for

patterns of the other class. This 1s exactly how a minimum distance classifier with a single decision function

would behave for two pattern classes that are linearly separable. Because they are tightly grouped, we

assume each mean vector is a good representation of one of the classes.

Problem 12.20
(a) When P(c;)= P(c¢;) and C=1.

Problem 12.22

'T'he answer 1s no. The reason 1s that when we do the first forward pass all outputs will be zero. The first pass

of backpropagation would start with error vectors formed from the actual outputs and the desired outputs.
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So the error propagated back would not be all zeros. However, the weights would not be corrected until the
backward step 1s completed, so we would be multiplying our error vectors by the initial zero weights and
biases, giving zero results for the weight corrections at the end of the backward pass. This cycle without

changes would then repeat itself, resulting in a meaningless training session.

Problem 12.24

(¢) Choosing large weights can result in correspondingly large values of the intermediate computations,

7(£). If a sigmoid activation function is used, the large values in the elements of z would cause h(z) to

become 1. But the outputs of a layer are precisely these k(z), which means that all layers, including the last

would output just 1's. The conclusion 1s that the values of weights learned by the system should be fractions.

A way to achieve this 1s to start training with small values.

Problem 12.25
(a)

_9E dF  dz(f+1)
R (8 z,(£) Z::'az;:(f + 1) 0z;(¢)

%,
0z,(£)

d
= ;a,;(hl)azj(f)

= Zai(f + w, (£ +_1)h’ (z}.(f))
= h’(zf(f))zwij(f +1)8,(£/+1)

=Y §,(£+1) > wy(£+L)a,(f) + b(£+1)

Zwﬁf(f +1)h(z}-(€)) + b(/+1)

Problem 12.27

Operator @ defines elementwise multiplication, and the dimensions of Z° we know are #, X, It then

follows that the dimensions of D*also must be n, x n_, assuming that Eq.(12-79) is dimensionally correct,

which means that term (WV’M]TDE”) must be of size n, xn,. Let's see if this is true. We know from

iR

forward propagation that matrix W' has dimensions #n,, xn,, so [W™']' is of size n, xn,.,. FEach

column of matrix D! is a vector & containing the errors of the neurons in that layer for one of the input

pattern vectors. There are n, ; neurons in layer £+1 and we are stufling the results of every training

pattern in a matrix. Since there are n, patterns being processed, D! is of size n,,, Xn,. Therefore the

dimensions of the product ([WM]TDEH) are 1, X n,. lhis agrees with the dimension of Z'so D’ is

indeed of size n, X n,.
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Problem 12.29

Table P1329. Fully-connected multilayer network training algorithm for one pattern vector. One complete iteration
through all pattern vectors in the training set constitutes one epoch of training. To initialize, specify a set weights
consisting of small random numbers.

Step Description Equations
Step 1 Present the training pattern a(l)=x
vectors.

Step 2 Feedtorward For ¢=2, ., L, compute z(£)= W(£)a(/-1) + b(¢), a({)=h(z({)), and
H (2())

Step 3 Compute output error o(L)=r — a(l)

Step4 | Backpropagate the error For £=L-1,L-2...,2, compute &(¢) = ([W(£+1)]" 8(¢+1))OH (2(¢))

Step> | Update the weights For =L L-1L-2._,21let W(&)=W() - ad(@)(a¢-1)) and
b(¢)=b({) — ad({)

The details of the derivation of the expressions in the table are as follows
We look at the forward process first. Consider a fully-connected neural network with layers £=1,2,..., L,

where £ =1 1s the input layer, £ = L 1s the output layer, and 2 is the number of neurons in layer £. Let x

denote an m-dimensional pattern vector, and. Let a(f) a vector containing the activation values of all ,

neurons 1n layer f. By definition the outputs of the first layer are the components of the pattern vector:

a(l)=x, and a(l)contains the outputs of all the neurons in the output layer. Vector x is of dimension
nx1 and a(f) is of dimension 7, x1. Let W(£) be a weight matrix of size n, xn whose rows are the

weights of the neurons in layer £. Finally, let b({) be an #n, x1 vector whose components are the bias

values of the neurons in layer /. Using this notation, we can write Eq. (12-54) as
z(£) = W(L)a(L) + b(L) (1)

It then follows from Eq. (12-55) that

a(l) = h(z(1)) (2)

At this step, we also compute #'(z({)) for use later in backpropagation. Because we are assuming that

activation function h is the same for all neurons, the kth component of vector a(£) is a,(f) = h(zk(f)).

Starting with a(l) = x, these equation are applied for £=2,..., L to obtain a({), a vector of dimension
n; X1 whose elements are the outputs of the neural network. Fach output in this layer 1s associated with

one of the pattern classes that the network 1s capable of classiiying.

The activation of neuron j in the output layer is a;(L). We define the error of that neuron as

B ==, - a(L)) (3)
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i=1,2,...,n;, where r; is the desired response of output neuron ¢,(L) for the given x. The output error

with respect to a single x 1s the sum of the errors of all output neurons with respect to that vector:

b= ;Ef =%§(rf - ”;(L))Z n
=2 x - a(L) P

where the second line follows from the definition of the Fuchidean vector norm. ['he fofal network output
error over all training patterns 1s defined as the sum of the errors of the individual patterns.

The vector for the error at the output layer 1s
o(L)y=r — a(l) (5)

where r is the target vector for pattern vector x (remember, the elements of r are 0, except in the location

corresponding to the class of pattern x, where itis 1).

The backpropagation error at one neuron location is given by

Hyiq

8,(0) = k'(z, (E))z w, (£ +1)8,(4 +1) (6)

Note that the j in the summation is constant, so variable i spans a complete column of weight matnx

W(£+1), which we denote by w;(£+1). But the summation is simply the dot product of this column

transposed and vector &6(f +1):

f’ilwﬁ(f +1)8; (£ +1)=[w,(£+1)]"8 (£+1) (7)

i=]1

which is a scalar. So we now write Eq. (6) as

8,(0)=[w,(¢+ D)8 (£+1) I’ (z,(0)) (8)

where we reversed the order of the two scalars in preparation for the next step, which is to write Eq. (8) in

vector form as

8(£) =([W(£+ 1] 8(¢ + 1))ON (2(4)) (9)

As defined in Chapter 2, the symbol © means element-wise multiplication of the two vectors.

In scalar form, the weight update equations are

w,; = 0, — 84, (10)
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and
b. > b; — 9, (11)
The last step 1s to write these equations in vector form:

W(0)=W(0) - ad(£)(at-1)) (12)
and
b(£)=b(¢) — ad(£) (13)

These expressions are for correcting the weights after each pattern 1s fed forward through the network.

Another approach used often to obtain smoother estimates 1s to feed all the patterns through the network,

compute the average the responses, and do backpropagation using the average, as follows;

W(e) > W(t) - S 38,(6)(ay (£~ 1)) (14)

P X

and
b(£) = b(£) — — 8.(¢) (15)

where n, 1s the number of patterns used for training, the summation is over the training patterns, and the

subscript indicates that that we are now averaging over all patterns before doing the backpropagation step.

Problem 12.30

(a) If the kernels are square, w X w, of odd size, and the square dimensions of the convolution planes is

504, then (512 -2-(w—1)/2) =504, so the spatial dimensions of the kernel are 9 x 9.

Problem 12.31

(b) The number of neurons has to be an integer. T'he equation gives fractional values only if one or more of

its parameters is not specified properly. For example, if V =28, P=0, and ¥ =35, a stride of 1 would give N

= 24, so all specifications are valid. However, using a stride of .5 = 2 would give a fractional value for N, so a

stride of 2 cannot be used with the values of V, P, and F. One or more of those values would have to change

for us to be able to use a stride of 2.
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Problem 12.32

Use the chain rule:

oF oFE dz.,(f)
ob(f) Zzazm(f) 0 =228,

A ¥ A ¥

where we used the definition g, (/)= BE/E}ZI?J}(E) and, from the definition of z, (f), the fact that the

partial derivative of this term with respect to b(£) is 1.
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