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Millimeter Wave Bands
• Huge amount of available bandwidth (λ=C/f)
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mmWave Massive MIMO Beamforming
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Beam Steering

• Direct radiated power towards a desired 
angular sector

• Does not need to know the channel state 
information

• How? Phase array
⎻ By changing the phase of each antenna
⎻ Also known as switched-beam antenna or 

adaptive antenna

• Beam pattern is determined by 
⎻ the number of antennas 
⎻ the arrangement of antennas
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Array Configuration
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Can be 1D or 2D



Main lobe and Side lobe
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• Main lobe: the beam with the strongest 
power

• Side lobe: leakage power toward 
undesirable direction

Reference: https://www.youtube.com/watch?v=V8bqxBywvjc

There could be 
multiple side lobes



Translational Phase Shift
• Relative displacements of the antenna elements with 

respect to each other introduce relative phase shifts 
in the radiation vectors 

• Current density of the translated antenna:

Jd (r)= J(r − d) 
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Translated antennas 
by vector d



Translational Phase Shift 
• Translation in space or time domain 

à phase shift in the Fourier domain
• Radiation vector is the three-dimensional Fourier 

transform of the current density

• By changing variables to r′ = r − d, we get 
translation phase shift
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Fourier transformation



Array Pattern Multiplication 
• Consider a three-dimensional array of several 

identical antennas located at positions d0, d1, 
d2, … with relative feed coefficients a0, a1, a2, …

• Current density of the nth antenna:
Jn (r)= an J(r − dn )
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Radiation vector

Total current density

Total radiation vector

Array vector



Example: two antennas at [0, d]

• At polar angle θ = 90o, that is, on the xy-plane, 
the array factor will be: 

• The azimuthal power pattern:
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Example: two antennas at [0, d]
• MATLAB: [g, phi] = gain1d(d, a, 400);
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Azimuthal gain patterns A(φ) of different array weights [a0,a1]



Uniform Array
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20
Antenna Arrays

20.1 Antenna Arrays

Arrays of antennas are used to direct radiated power towards a desired angular sector.
The number, geometrical arrangement, and relative amplitudes and phases of the array
elements depend on the angular pattern that must be achieved.

Once an array has been designed to focus towards a particular direction, it becomes
a simple matter to steer it towards some other direction by changing the relative phases
of the array elements—a process called steering or scanning.

Figure 20.1.1 shows some examples of one- and two-dimensional arrays consisting
of identical linear antennas. A linear antenna element, say along the z-direction, has
an omnidirectional pattern with respect to the azimuthal angle φ. By replicating the
antenna element along the x- or y-directions, the azimuthal symmetry is broken. By
proper choice of the array feed coefficients an, any desired gain pattern g(φ) can be
synthesized.

If the antenna element is replicated along the z-direction, then the omnidirectionality
with respect toφ is maintained. With enough array elements, any prescribed polar angle
pattern g(θ) can be designed.

In this section we discuss array design methods and consider various design issues,
such as the tradeoff between beamwidth and sidelobe level.

For uniformly-spaced arrays, the design methods are identical to the methods for
designing FIR digital filters in DSP, such as window-based and frequency-sampling de-
signs. In fact, historically, these methods were first developed in antenna theory and
only later were adopted and further developed in DSP.

20.2 Translational Phase Shift

The most basic property of an array is that the relative displacements of the antenna ele-
ments with respect to each other introduce relative phase shifts in the radiation vectors,
which can then add constructively in some directions or destructively in others. This is
a direct consequence of the translational phase-shift property of Fourier transforms: a
translation in space or time becomes a phase shift in the Fourier domain.
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Fig. 20.1.1 Typical array configurations.

Figure 20.2.1 shows on the left an antenna translated by the vector d, and on the
right, several antennas translated to different locations and fed with different relative
amplitudes.

Fig. 20.2.1 Translated antennas.

The current density of the translated antenna will be Jd(r)= J(r− d). By definition,
the radiation vector is the three-dimensional Fourier transform of the current density,
as in Eq. (15.7.5). Thus, the radiation vector of the translated current will be:

Fd =
∫
ejk·r Jd(r)d3r =

∫
ejk·r J(r− d)d3r =

∫
ejk·(r′+d)J(r′)d3r′

= ejk·d
∫
ejk·r′ J(r′)d3r′ = ejk·d F

• Sum of the weights is unity

• Array factor



Uniform Array
• φ: Azimuth angle
• θ: Zenith angle
• G(θ, φ): power gain of a signal 

toward (θ, φ)
• How to manipulate the gain?

⎻ Change the phase of each antenna via a phase 
shift ai
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h1 + h2 + · · · + hN

a1h1 + a1h2 + · · · + aNhN

Original channel
Channel of steering signals

h = e�2j�ft � ah = e�2j�ft � e� = e�2j�ft+�

G(θ, φ) is independent of the original channel h



Uniform Array
• How to get coefficient an for a desired 

direction?
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Array Factor of Uniform Array
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Beamwidth of Uniform Array 
• 3dB width: half of the peak gain
• Beamwidth gets narrower with increasing N

⎻ Intuition: more array factors a we can control to get a 
better resolution
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Beamwidth of Uniform Array 
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4 x 4 

8 x 8

16 x 16



Array Directivity
• Directivity of the array:

• The uniform array with half-wavelength spacing 
achieves maximum directivity equal to the 
number of array elements
⎻ Optimum array vector a = [a0,a1,...,aN−1]T that maximizes D:

corresponding maximum directivity: 

where u = [1,1,...,1]T
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Array Directivity
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• Matrix form



Array Steering
• At φ=90°, the maximam of the array factor A(ψ) 

corresponds to ψ=kdcosφ
⎻ |A|max = |A(0)|

• Array pattern towards some other direction φ0
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Array Steering
• Change the direction of the main lobe by 

changing the array factor A
• Usually, A can only be selected from a fixed-

sized codebook (limited number of directions)

22


