515503 Fall 2022: Probability Due: 2022/12/16, 23:59

Exercise #4

1. We start with a stick of length [. We break it at a point which is chosen randomly and
uniformly over its length, and keep the piece that contains the left end of the stick. We then
repeat the same process on the stick that we were left with.

(a) What is the expected length of the stick that we are left with, after breaking twice?

(b) What is the length variance of the stick that we are left with, after breaking twice?

2. Let X be a random variable with PDF

fe(@) {g,z‘f—2<m<3,
- (z) =

0, otherwise.
Find the PDF of Y = X2.

3. Assume X and Y are two random variables with Y = 5X + W. Both X ~ N(us,0%) and
W ~ N(uw,o%,) follow normal distribution and are independent of each other.

(a) Compute the covariance cov(X,Y) and correlation coefficient p(X,Y). Are X and Y

correlated?

(b) We wish to give a least squares estimate of X based on observing Y, that is, to compute
a function g(Y) that can minimize the mean squared estimation error E[(X — g(Y))2].
[Hint:g(Y) = E[X|Y]]

(c) What if the estimator g(Y") is restricted to have the form aY + b? What are the optimal

values of a and b?

(d) Which estimator in (b) and (c) performs better in terms of mean-squared estimation

error?
(e) Let py =3,0% = £, uw = 3, o, = 3. Using Fig. 1 to compute P(14 <Y < 20).
4. A statistician wants to estimate the mean height h (in meters) of a population, based on n
independent samples X, ..., X,, , chosen uniformly from the entire population. He uses the

sample mean M,, = (X; + ... + X,,)/n as the estimate of h, and a rough guess of 1.0 meters

for the standard deviation of the samples X;.

(a) How large should n be so that the standard deviation of M,, is at most 1 centimeter?

(b) How large should n be so that Chebyshev’s inequality guarantees that the estimate is
within 5 centimeters from h, with probability at least 0.997
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Figure 1: Standard Normal Distribution Table




