515511 Fall 2025: Probability

Homework #2 Solution

n =qn—1(1—p)+ (1 —qn-1)p
=¢u-1(1=p—p)+p
=qn-1(1—2p)+p

dn = M+p
1= n-1 = M_{'p(l_zp)

+) (1= 2 = q(1-2p)" ' +p(1—2p)2

g = (1=pA—=2p)" ' +p(l+..+(1-2p)"?)
= 1-2p)A—=2p)" 1 4pl+..+(1=2p)" 2+ (1—-2p)"

_ oy 1-(-2p)"
= (1-2p) +Pﬁ

= (1-2p)"+301-(01-2p)")
= 3(1+(1-2p)")

P(the forth spade appears in the seventh draw)

=P(three spades appear in first six draws)P(spade in the seventh draw)

cHBc 10
= — ~0.02791
c a6

P(system is up) = P(u1 U (ug2 Nuz) Uuy)
=1- P((u1 U (UQ N U3) U U4)C)
=1—P(ui N (ug Nuz)’Nuy)



Since w1, ..., u4 are independent, u§, (ug Nu3)®, ug are independent, we have

P(system is up) = 1 — P(u§ N (ug Nug)® Nuy)
=1— P(u§)P((u1 Nuz))P(uf),
=1—(1—p1)(1—p2p3)(1 —pa)



515511 Fall 2025: Probability

Homework #3 Solution

(=3)2+ (=22 + (-1)2+0+12+22 +32

= 1
a
=a=28
9 4 4 9
K] = (23) X gg + () x g+ 2x g +3x 50 =0
(b)
Z=(X - E[X])?=(X-0)7?=X?
Ple) = Z, if 250,1,479
0, otherwise.
(c)
Var(X)—E[X—E[X]]2—E[Z]—1xi+4xi+9x3—7
N N N 14 14 14



1 5,0 Igsb,4 1 1 1
;_:1(6)(6) - 6;_:1(6) 6712 6
1.5
P(X=1,3,5,7,..) = (6)(6)96—1
x=1,3,5,7,
_ - 1 5 2n—2
n=1
_1 1
6 1-%
1 36
= — X —
6 11
_6
11
1.5 1 (1=2)® 5
P(X <z)= )2yt = 2 6/ _q_ (2

Difference ‘ 1 ‘ ‘ ‘ 4 ‘
Count ‘ 10 ‘ ‘ ‘ 4 ‘
( s, of =0
%, if =1
386, if x=2
Plx)=4¢ &, if z=3
346’ if z=4
%, if x=5
L 0, otherwise.
Pz) = (é)@)x—l, r=1,2,3 ..




1 1 1

Var(X) = E[¢?] = (E[X]) = (1 x % 492 x % 432 é) 2o
(i)

Loif y=3,57
P — 37 ) )
v () { 0, otherwise.

E[Y] = E2X +1] =2E[X]+1=5

2 8
Var(Y) =Var(2X +1) = 2?Var(X) = 4 x 3=3

Since

Since




1 1 1
= (o x(=1)?+-x0+2-1%) -0
(5 (~1+ 5 x 0+ 21%)
2
3
(i)
3oif y=
Py(y)=q 5 if y=
0, otherwise.
2 2
EY|=-x14-x0=<
[¥] 3 + 3
2 1 2

5. (1) What to show 0 < Pz(z) <1 for all .
For 2 =4,9,16, ...

ll)ﬁ:(

Pa() = 13

1
2

)\/24’2 Z 0

Vz+2>0 2=4,9,16,...

L0<Pz(2) <1

For z # 4,9, 16, ..., trivially, 0 < Pz(z) < 1.



(2) What to show: ), Pz(z) = 1.

1 5 1,1,
AR 15
1 5 +
Tatstiol
1.5 1
“1787%
=1

By (1) and (2), Pz(z) is a pmf.

6. (a) Let X be the number of modems in use at the given time

1000
(0.01)*(0.99)1000—z if 0<x<50

- 1000

Px(z) = w00 ( )(0.01)n0199)”m0—”, if =50
n

0, otherwise.

(b) Let Y be the number of customers that need a connection

L0 _ 10
Py(y)=e 10Xﬂ

exact : P(Y > 50) = Z k:

1000 <1000
k=51

) (0.01)%(0.99)1000-k

1000 10k

approximate : P(Y > 50) = Z e 10 % o
k=51 '



